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Moduli and Invariants

Invariants are gotten by cooking up a number (homology
group,derived category, etc.) using auxiliary data (a metric,
apolarisation, etc.) and showing independence of that
initialchoice.

Donaldson and Seiberg-Witten invariants count in modulispaces of
solutions of a pde (shown to be independent ofconformal class of
the metric).

Example (baby example)

f : (M, g) R, the number of solutions of

gradgf = 0

is independent of g (Poincare-Hopf).
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Recall (Setup)

(X , g) smooth oriented Riemannian 4-manifold and a
principalG-bundle : P X over it.

Consider the Yang-Mills functional

YM(A) =

M|FA|

2d.

The corresponding Euler-Lagrange equations are

dAFA = 0.

Using the gauge group G one generates lots of solutions fromone.
But one can fix a gauge

dAa = 0
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Recall (ASD Equations)

In dimension 4, the Hodge star splits the 2-forms 2 = 2+ 2.

This splits the curvature

FA = F+A + F

A .

Have

(P) = F+A 2 FA

2 YM(A) = F+A 2 + FA

2,

where (P) is a topological invariant (e.g. for SU(2)-bundles,(P)
= 82c2(P)). This comes from Chern-Weil theory.

Key Idea. Anti-self-dual connections, e.g. ones with F+A =
0,minimise the Yang-Mills functional among connections on P.
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Recall (ADHM Construction)

Atiyah-Drinfeld-Hitchin-Manin constructions describes all
finiteenergy instantons over R4 and S4 in terms of algebraic data:
ak -dimensional complex vector space H, self adjoint
linearoperators Ti : H H, n-dim. vector space E, and a mapP : E H
S+ satisying the ADHM equations [ADHM].

Example

Consider SU(2) bundle P R4 with c2(E) = 1. Then theADHM
matricesTi are 1 1 and P Hom(E, S+) is rank 1.So the moduli space
of YM instantons is R4 R+.

The Point. Instantons occur in moduli spaces.
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The Ambient Space

We begin with the space of all connections, modulo gauge.

Let G be SO(3) or SU(2). Let P X be a principal G-bundleover a
smooth oriented Riemannian 4-manifold X .

A infinite-dimensional affine space of connections on PG
infinite-dimensional group of automorphisms of P, it acts
onconnections via

u A := A (Au)u1.

Definition

The spaceB := A/G

(with quotient topology) is the space of connections modulogauge
(on P).
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Metrical Proporties

B carries an L2-metric

A BL2 := (

M|A B|2d)1/2

descends to a distance function

d([A], [B]) := infuGA u B

(clear, except for d([A], [B]) = 0 [A] = [B]; usescompactness of
G)

Jacob Gross Donaldson Invariants and Moduli of Yang-Mills
Instantons


	
Local Models of the Orbit Space B

Definition

Fix A A and > 0. Define

TA, = {a 1(gE)|d

Aa = 0, aL2`1 < }

By Uhlenbecks gauge fixing theorem and the implicit
functiontheorem, A + TA, meets every nearby orbit.

Definition (/Lemma)

Write A = IsoGA. It is isomorphic CG(HA), where HA denotesthe
holonomy group of the connection A.

Theorem

For small > 0 the projection A B induces ahomeomorphism from
TA,/A to a neighborhood of [A] in B.
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Reducibility

Write A for the subspace of A with minimial G-isotropy
groups

A = {A A|A = C(G)}.

These are called irreducible connections.

Theorem

The quotient B = A/G is a smooth Banach manifold (themoduli
space of irreducible connections).
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Local Models of the ASD Moduli Space

Let MP(g) be the moduli space of ASD connections onP (X , g).
Define a map : TA, +(gE) by

(a) = F+(A + a)

and writeZ () := 1(0) TA,

Theorem

The previous homeomorphism induces a homeomorphism fromZ ()/A to
a neighborhood of [A] in MP(g).

Have a bundle E := A G/C(G) +(gE) B. Taking the ASDportion of
curvature yields a section g : B E s.t.

1(0) = MP(g) B

(the the moduli space of irreducible ASD connections).Jacob
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Deformation-Obstruction Theory

Have a linear elliptic operator

C(ad(P) 1T X )d+A d

A C(ad(P) (2+T

X ) (0T X ))

its kernel is deformations of the ASD condition along
gaugefixing.

ker (d+A dA) = TAM

andcoker (d+A d

A) = OAM.

Remark. It will turn out that for generic g, OAM = 0. This is
anice deformation-obstruction theory.
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Deformation-Obstruction Theory

The deformation-obstruction theory of the ASD moduli problemis
governed by an elliptic complex

0X (gE)dA 1X (gE)

d+A +X (gE)

(d+A dA = 0 by ASD condition).

Note H1A= ker A and H2A

= coker A.

The virtual dimension of the moduli problem is

8c2(E) 3(1 b1(X ) + b+(X ))

for SU(2) and

s = 2p1(E) 3(1 b1(X ) + b+(X ))

for SO(3).Jacob Gross Donaldson Invariants and Moduli of
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Analogy with other gauge theories

Flat connections (Casson theory)

0dA 1

dA 2dA 3

Holomorphic structures (Donaldson-Thomas theory)

0,0A 0,1

A 0,2A 0,3

G2-instantons (Donaldson-Segal programme, ongoing)

0dA 1

dA 6dA 7

Spin(7)-instantons (unsure of current state)

0dA 1

7dA 27
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Finite-Dimensional Models

Theorem

If A is an ASD connection over a neighborhood of X,
aneighborhood of [A] in M is modelled on a quotient f1(0)/A,where f
: ker (d+A d

A) coker (d

+A d

A) is a A-equivariant

map.

Definition

An ASD connection is called regular if H2A = 0
(unobstructed).

Definition

An ASD moduli space is called regular if all of its points
areregular.

If the moduli space if regular, 0 is a regular value,
andSard-Smale is applicable.
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Transversality

We need some bits of Fredholm theory.

Theorem (Sard-Smale)

Let F : P Q be a smooth Fredholm operator betweenparacompact
Banach manifolds. Then, the set of regular valuesof F is everywhere
dense in Q. Moreover, if P is connectedthen the fibre F1(y) P over
any regular value y Q is asmooth submanifold of dimension equal to
the Fredholm indexof F .

Theorem (Fredholm Transversality)

Let F : P Q be a smooth Fredholm operator betweenparacompact
Banach manifolds and let S be afinite-dimensional manifold equipped
with a smooth maph : S Q. Then there is a (C) arbitrarily close
maph : S Q, to h, such that h is transverse to F .
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Transversality

Write C for the space of conformal classes of Riemannianmetrics
on X . We obtain a parameterized bundle E B Calong with section : C
B E s.t. {g}B = g .

Theorem (Uhlenbeck-Freed)

Let : P X be a principal G-bundle over a smooth
oriented4-manifold X. Then the zero set of in B C is regular.

Corollary

There is a dense subset C C such that for [g] C the modulispace
MP(g) is a regular (as the zero set of the section gdetermined by
[g]).

Jacob Gross Donaldson Invariants and Moduli of Yang-Mills
Instantons


	
Compactness

Definition

An ideal ASD connection over X is a pair ([A], (x1, ..., x`)).
Asequence of gauge equivalence classes [A] converges weaklyto a
limiting ideal connection ([A], (x1, ..., x`)) if

X f |F (A)|2d

X f |F (A)|

2d + 82`

r=1 f (xr ) (theaction densities converge as measures)

there are bundle maps : P`|X {x1,..,x`} Pk |X {x1,..,x`} s.t.(A)
converges (in C

on compact subsets of thepunctured manifold) to A

Write M for the set of all ideal connections (with a
metrizabletopology induced from the notion of weak covergence).

Theorem

Any infinite seqeunce in M has a weakly convergentsubsequence
with a limit point in M.
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Orientation

One can make sense of orientation data on all of B. At
eachconnection A (instanton or not) write elliptic operator

LA : ad(E) TX ad(E) (2+

0)

At each point form

top(ker LA) (top(coker LA))

1

as the fibre of a real line bundle L B (orientation line
bundle).

This induces an orientation on M B.
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Invariants in dimension zero

First suppose a zero-dimensional moduli space MASD(g). Wishto
show a count (with correct multiplicities) is independent of g.

Example (Toy Example.)

Take : V B finite-rank vector bundle and s section of which is
transverse to the zero section. Extract a homologyclass

[Z (s)] Hd (B),

d := dim B rk V . This is the Euler class of V .

For each choice of metric g, define an integer

q(g) =

AMP(g)

(A),

where the sign is determined by our orientation data L.Jacob
Gross Donaldson Invariants and Moduli of Yang-Mills Instantons


	
Invariants in dimension zero

Theorem

For any two generic metrics g0 and g1 on X,

q(g0) = q(g1).

Following the masters, we return to our toy example
beforeproving this theorem.

Let C be a finite-dimensional manifold parameterising sectionssc
. Have a parameterized zero set Z B C.

The number of zeros of some sc is the number of elements ofthe
fibre : Z C over c Cthe degree of a proper map.
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Invariance of Degree

Theorem

The degree of : Z C is invariant of the choice in c C inthe
target.

Proof.

Take a path : I C transverse to im(). Define

W = {(z, t)|(z) = (t) Z [0, 1]},

which is a smooth one-dimensional manifold with boundary.The
boundary component at 0 is 1(c0) and the boundarycomponent is
1(c1). And the total oriented boundary of acompact one-dimensional
manifold is zero.
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Invariance of Donaldson Invariants

Proof.

Take a path : [0, 1] C in the space of conformal classes
ofmetrics which joins g0 and g1. Using Fredholm
transversality,perturb it to be transverse to the Fredholm map M C.
Forgeneric , the space

M = {(A, t)|A M((t))} B [0, 1]

is an oriented one-manifold with boundary components M(g0)and
M(g1). Uhlenbecks compactness theorem completes theproof [We2].
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Polynomial Invariants

The dimension of MASD is not, in general, zero. Supposeb+(X )
> 1 (avoid reducible solutions). Take MASD evendimensional

dim MASD = 2d = 8c2(E) 3(b+(X ) + 1).

Let [1], ..., [d ] be classes in H2(X ,Z). Atiyah-Bott []
shownthat the cohomology ring BX is a polynomial algebra
generatedin degrees two and four, where the two-dimensional
generatorsare gotten from a certain map

: H2(X ) H2(BX ).

In this way, in positive dimension, we can get integers

q = (1) ... (d ), [M]
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Polynomial Invariants

This gives a symmetric mutlilinear function

q : H2(X ) ... H2(X ) Z

such that

q([1], ..., [d ]) = q([1], ..., [d ]) (reversing
orientation)

if f : X Y is an orientation preserving diffeomorphismthen

q(f ([1]), ..., f ([d ])) = q([1], ..., [d ])

Proving these more general invariants exists and satisfy
theabove properties is analytically more difficult than
theaforementioned simple (dim. zero) invariants (done in [DK,Sect.
9.2.]).
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Wall-Crossing Phenomena

When b2+ = 1, the Donaldson invariants are not independent ofthe
metric.

The paths between g0 and g1 cannot always avoid
reduciblesolutionswhich occur as codimension one walls in C.

Within chambers, the Donaldson invariants are constant.
Whencrossing a wall, they change by an explicit formula

X ,g1 X ,g2 = Xg1,g2 ,

where the Xg1,g2 can be computed explicitly using modularforms
[Gott96].
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