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Derivation of the Viscous Moore-Greitzer
 Equation for Aeroengine Flow
 Bjorn Birnir∗
 Songming Hou†
 Niklas Wellander‡
 Keywords: Separation of scales, scaling, modeling, homogenization, two-scale conver-gence, compressor, jet engine flow.
 AMS classification numbers: 34D45, 34K15, 35B27, 35B40, 74Q15, 76M50
 Abstract
 The viscous Moore-Greitzer equation modeling the airflow through the com-pression system in turbomachines, such as a jet engine, is derived using a scaledNavier-Stokes equation. The method utilizes a separation of scales argument, basedon the different spatial scales in the engine and the different time scales in the flow.The pitch and size of the rotor-stator pair of blades provides a small parameter,which is the size of the local cell. The motion of the stator and rotor blades in thecompressor produces a very turbulent flow on a fast time scale. The leading orderequation, for the fast-time and local scale, describes this turbulent flow. The nextorder equations, produce an axi-symmetric swirl and a flow-pattern analogous toRayleigh-Benard convection rolls in Rayleigh-Benard convection. On a much largerspatial scale and a slower time scale, there exist modulations of the flow includinginstabilities called surge and stall. A higher order equation, in the small parameter,describes these global flow modulations, when averaged over the small (local) spatialscales, the fast time scale and the time scale of the vortex rotations. Thus a moregeneral system of spatially global, slow-time equations is obtained. This system canbe solved numerically without any approximations. The viscous Moore- Greitzerequation is obtained when small inertial terms are dropped from these slow-time,spatially global equations, averaged once more in the axial direction. The newequations are simulated with two different simplifying assumptions and the resultscompared with simulations of the viscous Moore-Greitzer equations.
 ∗Dept of Math, UCSB, Santa Barbara, CA 93106 [email protected], partially supported by theNational Science Foundation grants number DMS 0072191 and DMS 0352563, and the University ofIceland, Reykjavık, 107 Iceland
 †Dept of Math, Michigan State University, East Lansing, MI 48824 [email protected], researchpartially supported by NSF grant number DMS 0072191.
 ‡Swedish Defence Research Agency, FOI, P.O.Box 1165, SE-581 11 Linkoping, Sweden [email protected]
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1 Introduction
 In recent years a lot of attention has been devoted to the study of air flow and combustionin turbomachines. The main reason for this interest is that when a turbomachine, suchas a jet engine, operates close to its optimal operating parameter values, the flow canbecome unstable. These instabilities put a large stress on the engine and in some casesthe engine needs to be turned off in order to recover the original operation conditions.For this reason jet engines are currently operated away from their optimal operatingparameter values increasing both fuel consumption and the engine weight.
 A jet engine can be thought of as a compressor, where the incoming air from theinlet duct is compressed by alternating rings of rotating blades and stationary blades.The mixture of fuel and compressed air then goes through the outlet duct to the plenum,where it is ignited and the resulting combustion generates thrust that propels the aircraft.Subsequently the air goes out of the plenum through the throttle where the process inthe compressor is reversed. The air turns rotor blades as it rushes out of the throttle andthese blades turn the rotors in the compressor.
 Figure 1 shows a cartoon of the jet engine. The compressor has a cylindrical shapewith inner boundary being the hub and outer boundary being the casing. The flow of airenters the engine through the inlet duct, then it enters the compressor where the pressurerise takes place. The air exits the compressor through the outlet duct and subsequentlyenters the plenum, where the combustion takes place. Then finally the mixture of air andresidual gases exit through the throttle.
 Inlet duct Outlet ductRotors
 and
 Stators
 Plenum
 r
 z
 θ
 Figure 1: The jet engine
 There are primarily two types of instabilities that occur in the flow through the com-pressor. They are called surge and stall. Surge is characterized by large oscillations ofthe mean mass flow through the engine. During part of the cycle, the mean mass flow
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may become reversed, thrusting air out from the front of the engine. This puts a largestress on the components of the engine and seriously impairs its performance. When stalloccurs, there are regions of relatively low air flow that form at isolated locations aroundthe rim of the compressor. Here too, the phenomenon can be so pronounced that the flowin these isolated regions is reversed. Again this causes a large stress on the componentsof the engine and reduces its performance.
 Moore and Greitzer published in 1986 a PDE model describing the airflow throughthe compression system in turbomachines, see [30], [31] and [13], and the earlier papers[27], [28], [29]. Although relatively simple, this model has been surprisingly successful atpredicting experimental outcomes. Mezic [26] derived a model of the three dimensionalflow in jet engine compressors. His model reduces to that presented in [5] and [8] when oneassumes that the dependence of the flow on the radial direction is negligible. The viscousterm in that equation, first introduced by Adomaitis and Abed [1], has however a newand better interpretation in Mezic’s treatment. The term is not due to the viscosity ofthe air which is very small, but rather, it is a diffusion term due to the inviscid process ofturbulent momentum transport via Reynolds stresses. The difference is a several ordersof magnitude larger viscosity constant ν, which now represents the eddy viscosity. It isthis model with the additional assumption that the flow has no radial component thatwill be compared to a homogenization limit of the Navier-Stoke equation below. In thisguise the model is called the viscous Moore-Greitzer equation (vMG):
 ∂ϕ
 ∂t= ν
 ∂2ϕ
 ∂θ2− 1
 2
 ∂ϕ
 ∂θ+
 1
 lc(ψc − ψc)
 ∂Φ
 ∂t=
 1
 lc(ψc − Ψ)
 ∂Ψ
 ∂t=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |)
 (1.1)
 Here Φ is the mean flow (averaged over θ, in Figure 1) and ϕ is the deviation from themean flow, Ψ is the pressure rise in the plenum, the compressor characteristic ψc is a force(pressure gradient) that is modeled as a cubic polynomial of Φ + ϕ, ψc is the θ meanof ψc. To be more precise, the flow is the average over z of the velocity of air in the zdirection, lc is the total length of the inlet duct, the compressor and the outlet duct, B isa parameter expressing the geometry of the compressor and γ is the throttle parameterthat is varied to open and close the throttle.
 Thus the Moore-Greitzer model is a continuum actuator disk model for flow throughdiscrete blade passages in the compressor. This means that we imagine the whole com-pressor cylinder being compressed into a disk, the actuator disk, that has the same effectson the flow as the compressor.
 Birnir and Hauksson [5] proved the well-posedness and the existence of a finite di-mensional attractor for the viscous Moore-Greitzer turbomachine model. They proved
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that the Moore-Greitzer PDE model with viscosity has a unique solution in the Hilbert
 space X = H1 ×R2 where H
 1denotes the Sobolev space, with index one, of functions on
 the unit circle with square integrable first derivative and zero mean. They also provedthat this solution is smooth in space and time variables. Finally they proved that thisdynamical system has a global attractor with finite Hausdorff and fractal dimensions andpresented explicit estimates for the dimensions.
 Banaszuk et al. [2] also considered the full PDE model of Moore and Greitzer. Chungand Titi [11] extended the analysis of Birnir and Hauksson [5] and proved that the viscousMoore-Greitzer possesses an inertial manifold and the solutions are (Gevrey) analytic.The estimates obtained in [5] on the dimensions of the attractor and the inertial manifoldsare very large and not observed in numerical simulations, see [30], [25], [24], [7], [6] and[8]. Birnir and Hauksson [8] applied the theory of basic attractors [4] to get aroundthis difficulty. The requirement that every point (function) of an attractor attractsa set of positive “infinite-dimensional” measure is much more restrictive than just torequire a point to be attracting. Accordingly the basic attractors, the cores of the globalattractors that possess this additional attractiveness, are low-dimensional whereas theglobal attractors themselves can in general be very high-dimensional, see [3].
 Experimental, numerical and analytical results indicate that the stable solutions of theglobal attractor can be classified into the following groups: axisymmetric design flow (thedesired operating flow) surge and stall. Surge has been fully analyzed in [30] and [25].Stall was originally only analyzed in finite Galerkin approximations [30], [25], [24]. Birnirand Hauksson [7] gave a complete description of stall for a large parameter range. In thispaper they analyzed stall, which is a part of the basic attractor forming the stable core ofthe global attractor. They showed that there can exist several stall solutions and analyzedtheir stability. They showed that only a small number of these solutions can be stableand belong to the basic attractor. This made it precise what qualitative information maybe captured by such a Galerkin truncation of the solutions to the viscous Moore-Greitzerequations. Birnir and Hauksson [7] also provided the nonlinear stall modes that permitone to capture quantitative information about the solution and Xiao and Basar [36] foundthe center manifolds for the basic attractor components.
 The final goal of all of the research discussed above was to understand the instabilitiesbetter in the framework of the viscous Moore-Greitzer partial differential equation andultimately to produce control strategies for recovering design flow, after the system hasbeen thrown into stall or surge. Banaszuk et al. [2] gave the first result in this direction,see also Humber and Krener [16], [17], and Xiao and Basar [35], but Birnir and Hauksson[6] and [8] were able to use their qualitative analysis of the basic attractor to developoptimal control of stall. This control strategy that has been implemented by Fontaine[12] may eventually lead to jet engine design which is lighter and more fuel efficient.
 It is somewhat surprising that not more work had been extended until recently tojustify the viscous Moore-Greitzer equations, given all the work that has been put intoanalyzing and controlling their solutions. The jet engine flow is well described by theNavier-Stokes equations, but a full three-dimensional analysis of this equation is out of
 4
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reach of current technology. However, with more analysis one should be able to reducethe full Navier-Stokes equations and justify the use of the viscous Moore-Greitzer system.The main question is about the viscous term in the equations that was not included inthe original equations by Moore and Greitzer. There were three questions about thatterm that people had puzzled over: Is is really there? Where did it come from? Howbig is it? In this paper we will answer these questions. It is there. It is caused by eddyviscosity and you can estimate its size. A lot of the mathematical analysis of the Moore-Greitzer equations in the literature is based on the fact that the PDE in Moore-Greitzeris a nonlinear parabolic equation. This is only the case is if the viscous term is there andcannot be ignored. The second question concerning the Moore-Greitzer equations wasabout the modeling of the forcing in the equations. It is modeled as a cubic equationin the flow velocity but the question remained whether gradient term should be includedor not. We will show that because of the eddy viscosity small gradient terms should beincluded and we compute the correction.
 stator
 ε
 rotor
 Figure 2: The local cell of rotor-stator pair as seen from the outside of the engine’s casing,the arrows denote the movement of the blades viewed in the frame rotating with half thespeed of the rotors.
 The derivation of the Moore-Greitzer equation, see [30] and [23], is based on a quasi-steady flow approximation. The flow in the compressor is first assumed to be axisymmetricand in a steady state and then terms are added to represent the time dependent and non-axisymmetric flow effects. The flow instabilities surge and stall as well as non-uniformitiesin the inlet flow are relatively large length scale and long time scale flow phenomenacompared to the length scale of the blade pitch and time scale of a blade passage (rotor-stator pair) convection, see [23]. Thus the conventional Moore-Greitzer model representthe effective performance of the blades when averaged over the short length and timescales. Although this approach undoubtedly yields the qualitatively correct results it isdifficult to make mathematically rigorous. The main reason is that the flow through thecompressor is not steady. On the contrary the flow is very turbulent on the scale of theblade passage, there are boundary layers, vortices peal of the ends of the blades and theinterpassage flow can be extremely complicated.
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In this paper we start with the Navier-Stokes equation and use stochastic homoge-nization theory of fluids, see also Hou [15], to derive a modified version of the viscousMoore-Greitzer equation (12.2). The homogenization is based on the small scale (ǫ) rep-resented by the blade pitch or the length of a blade passage, consisting of a rotor-statorpair, the fast time scale is given by the convection velocity through a rotor-stator cell,see Figure 2. Our homogenization is not rigorous because it is not clearly understood yethow the noise gets introduced into the fluid from the boundary of the rotor and statorblades. For a recent approach to how noise can be introduced into turbulent flow see [10].We will simply assume that the flow is turbulent and stochastic homogenization can beused to get an averaged flow.
 Compressibility of air is important in aeroengines and cannot be ignored in the com-bustor and afterburners, see Section 13. Our starting point are the incompressible Navier-Stokes equations so we are ignoring compressibility of air in the compressor. This is theconventional approach, see [30, 31, 13], but can it be justified? The theoretical insightgained by our approach is that the built-up pressure in the compressor is mostly due tobuilt-up in stagnation pressure. The blades in the compressor accelerate the air and thisacceleration increases the quantity 1
 2u2 + p/ρ, familiar from Bernoulli’s theorem, where u
 is velocity of air, p the pressure and ρ the density. This is the stagnation pressure and itincreases from stage to stage in the compressor. Thus we can assume that the density isconstant at each stage and increases as a monotone function, at most, with the numberof stages. There may be small corrections to our equations if ρ(z) increases with distancez into the compressors but these corrections can be computed by first order perturbationtheory.
 The mathematical approach in this paper, is based on the fact that there is a clearseparation of scales. The details of the flow on the scale determined by the blade pitchand cross-sectional length, and blade passage convection, are irrelevant for the large scaleflow as long as the cumulative effect on the large scale flow is captured. This is preciselywhat the stochastic homogenization permits one to do. By separating the large andsmall scale flow and then averaging over the small scale in the large scale equations onegets the effective large scale flow. This then allows one to explain why the quasi-steadyapproximation, see [30] and [23], did give good results for the spatially largest Fouriercomponents. It was because the approximation was good for the flow in these very largestscales.
 Most importantly for the general theory, we give a generalized model (9.18) that caneasily be solved numerically and analyzed. We do this by introducing three different timescales: the fast time scale which describes the turbulent flow in the unit (rotor-stator)cell; the normal time scale associated with the rotation time of the rotors; and the slowtime scale describing the large scale dynamics of the compressor. The asymmetric flowpatterns in the jet engine are expected to have length scales that are of the order of thecompressor diameter, see [30]. Therefore these patterns will change on a time scale thatis much longer than that associated with the change in flow through the rotor-stator cellin Figure 2. This is the slow-time and large spatial scale that Moore and Greitzer [30]
 6
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were concerned with and that they expressed the final equation in terms of. In particularthe evolution of the flow instabilities surge and stall involves these large spatial and slowtemporal scales.
 We will explain below how the two-step procedure for the homogenization of fluidsdiscussed above, produced the Moore-Greitzer equations. To recap, these steps are thederivation of two equations:
 • A local equation for the small spatial scales and fast-time flow
 • A global equation for the large spatial scales and slow-time flow, where the smalland fast scales have been averaged over
 In addition to these equations we will find the equations for the flow on a time-scalecomparable to the rotation time. This is called the normal time flow and consists of vortextubes analogous to Rayleigh-Benard convection rolls but in the complicated geometry ofmoving rotors and stators.
 In the end one obtains a solution of the Navier-Stokes equations in the form
 uǫ(x, t) = ǫ1/2u0(x, y, tf , t, ts) + ǫ3/2u1(x, y, tf , t, ts) + · · ·
 where u0 is determined by the local and global equations (and the normal time equations),y is the vector of local coordinates, tf and ts are the fast and the slow time respectively,and ǫ < 1 is not small. This raises the question how good an approximation ǫ1/2u0 is tothe real solution. The answer depends on u1 that can be computed by homogenizing toa higher order. However, in many problems where there are fast oscillations present ona small scale it turns out that the error averages to something very small or zero, evenfor ǫ close to one. This is our explanation of why the Moore-Greitzer equation is a goodmodel for jet engine flow.
 The outline of this paper is as follows: in Section 2, we start with the scaled Navier-Stokes equations in cylindrical coordinates. The equations are made dimensionless inSection 3. The two-scales asymptotic expansion is performed in Section 4 and global andlocal equations are obtained. At the end of Section 4 we compute the normal time swirland vortex tubes aligned along the axis of the jet engine, as far as it can be done withoutthe geometric details. In Section 5, we analyze the mean velocity field of the globalequation. In Section 6, we eliminate the local derivatives from the mean velocity fieldequations. In Section 7, we rewrite the mean velocity field equation to get an expressionof the eddy viscosity and forcing terms. The improved model for the large scale and slow-time modulation of the flow in the jet engine is then spelled out at the end of Section7. This result assumes that stochastic homogenization can be applied to the flow. InSection 9 we average the equations over the normal time periodic rotation (swirl) of thecylindrical vortex tubes. This yields our New Model for jet engine flow. In Section 10, wesplit the uz equation into the mean flow and the deviation from it in order to comparewith the Moore-Greitzer equation. In Section 11, we introduce the dynamic equation
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for the pressure rise in the plenum and apply similar asymptotic expansion as aboveto obtain equations of different orders. In Section 12, we gather the results obtainedfrom previous sections and write down the modified actuator disk model and compare itwith the original viscous Moore-Greitzer equation. Here the correct eddy viscosity termsare discussed and the second main theorem, explaining what kind of approximation theviscous Moore-Greitzer equations are, is stated and proved. In Section 13 we explainhow our analysis can be combined with analysis of the combustion in the plenum andthe afterburners to get a mathematical model describing the whole engine, combiningthe compressor and the combustion. In Section 14 we simulate the New Model with twodifferent types of simplifying assumptions and compare the results with simulations of theviscous Moore-Greitzer equations. Section 15 contains our conclusions.
 2 The Navier-Stokes Equation
 In this paper we study the jet engine flow through the compressor. This flow is gov-erned by the Navier-Stokes equations. Our ultimate goal is to show that under certainassumption the solution to the viscous Moore-Greitzer equation is the stochastically ho-mogenized limit of the solution to the Navier-Stokes equation. On the way we will obtaina generalization of the viscous Moore-Greitzer equation that describes the stability ofthe desired flow in the whole compressor. We will also obtain averaged Navier-Stokesequations that are numerically tractable.
 We start with the scaled Navier-Stoke equations in Cartesian coordinates in the inertialframe:
 ∂uǫ
 ∂t+ (uǫ · )uǫ − ǫ3/2ν uǫ = −1
 ρ pǫ
 · uǫ = 0
 uǫ |t=0= uǫ0
 n · ∇u = 0, boundary condition in the inlet and outlet ductsand uǫ = −β(x0 sin(βt) − y0 cos(βt), x0 cos(βt) + y0 sin(βt), 0)
 on the rotor blades and the hub, i.e. the fluid follows the blades,no − slip, u = 0, boundary condition on the casing and the stator blades.
 (2.1)Here Ωǫ is the domain, uǫ is the velocity vector field, t is the normal time, pǫ is thepressure, ρ is the density and ν is the kinematic viscosity of the air. The superscriptǫ means that the variables depend on a parameter ǫ, which is the spatial period of thestator-rotor pair, see Figure 2. We note that the domain Ωǫ depends on ǫ since thesolutions, uǫ, only exist in-between the blades and the casing and the hub, see Figure
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2. When ǫ is decreasing it corresponds to increased number of blades and a decreaseddistance between the hub and the casing. See also Figure 1 for the domain of the aboveequation. We are assuming that the rotors and the hub rotate in a clockwise direction.The boundary conditions imply that the flow has no relative movement on the boundary.For example, if we are in the inertial frame, then uǫ=0 on the casing as well as on thestators and uǫ is the same as the velocity of the rotors on the rotors and on the hub.
 Due to the incompressibility ρ = constant and we will take ρ = 1 below by a rescalingof the pressure. Strict incompressibility is not satisfied in jet engine compressors. However,it is likely that this will lead to quantitative rather than qualitative differences with thetheory presented below. We present the results in this paper as the first step towards afully compressible model for jet engine flow.
 Assume initial conditions are given. Globally, we prescribe steady flow in the inletand outlet duct, uǫ = −β(x1 sin(βt)− y1 cos(βt), x1 cos(βt)+ y1 sin(βt), 0) on the hub andno-slip on the casing as boundary conditions. Locally, we prescribe no-slip on the statorsand uǫ = −β(x0 sin(βt) − y0 cos(βt), x0 cos(βt) + y0 sin(βt), 0) on the rotors as boundaryconditions. We can extend the flow smoothly into the blades while obeying the boundarycondition. This problem is locally well-posed, see [19], and globally well-posed if the initialdata and the forcing are small, see for example [33] or [9].
 The choice of scaling here, together with the choice of power in the asymptotic ex-pansion later, is the unique choice that makes every term in the Navier-Stokes equationreappear in the leading order equation, after the asymptotic expansion, so that the struc-ture is preserved on the small scale. The derivation of this choice can be found in [9],it was originally suggested by J. L. Lions in [22]. In [9] it is also shown that a prioriestimates work for this scaling, again verifying its correctness.
 We now rewrite the above equation in cylindrical coordinates in a rotating frame withhalf the speed of the rotors as follows:
 ∂uǫz
 ∂t+ uǫ
 r
 ∂uǫz
 ∂r+uǫ
 θ
 r
 ∂uǫz
 ∂θ+ uǫ
 z
 ∂uǫz
 ∂z− ǫ3/2ν uǫ
 z = −∂pǫ
 ∂z,
 ∂uǫr
 ∂t+ uǫ
 r
 ∂uǫr
 ∂r+uǫ
 θ
 r
 ∂uǫr
 ∂θ− (uǫ
 θ)2
 r+ uǫ
 z
 ∂uǫr
 ∂z− ǫ3/2ν(uǫ
 r −uǫ
 r
 r2− 2
 r2
 ∂uǫθ
 ∂θ) =
 −∂pǫ
 ∂r+β2
 4r − rβuǫ
 θ,
 ∂uǫθ
 ∂t+ uǫ
 r
 ∂uǫθ
 ∂r+uǫ
 θ
 r
 ∂uǫθ
 ∂θ+uǫ
 ruǫθ
 r+ uǫ
 z
 ∂uǫθ
 ∂z− ǫ3/2ν(uǫ
 θ −uǫ
 θ
 r2+
 2
 r2
 ∂uǫr
 ∂θ) =
 −∂pǫ
 ∂θ+β
 ruǫ
 r,
 (2.2)
 where = 1r
 ∂∂r
 + ∂2
 ∂r2 + 1r2
 ∂2
 ∂θ2 + ∂2
 ∂z2 is the Laplacian differential operator in cylindricalcoordinates, uǫ
 z, uǫr, u
 ǫθ are the 3 components of the velocity field of the flow in cylindrical
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coordinates and β is the angular velocity of the rotors. Due to the rotating frame withhalf the speed of the rotors, the Coriolis acceleration terms −βruǫ
 θ,βruǫ
 r (written as a cross
 product in vector form in [26]) and the centrifugal acceleration term β2
 4r appear.
 3 The dimensionless system
 In order to compare the size of the various terms in the above equations we nextnon-dimensionalize the problem. We define dimensionless variables, denoted by thesuperscript ˜ as follows: uǫ
 z = Uuǫz, u
 ǫr = Uuǫ
 r, uǫθ = Uuǫ
 θ, r = Rr, z = Lz, pǫ = Qpǫ,t = 1
 βt, where U = Rβ, Q = U2, R = r1+r2
 2, (r1 and r2 are the inner and outer radius
 of the compressor, see Figure 1), L = z1 − z0 (z0 and z1 are the z-coordinates of thebeginning and the end of the compressor respectively). The notations here are the sameas in [26] and [14].
 Suppressing the superscripts we get the dimensionless Navier-Stokes system
 ∂uǫz
 ∂t+ uǫ
 r
 ∂uǫz
 ∂r+uǫ
 θ
 r
 ∂uǫz
 ∂θ+R
 Luǫ
 z
 ∂uǫz
 ∂z
 −ǫ3/2ν
 βR2
 (
 1
 r
 ∂uǫz
 ∂r+∂2uǫ
 z
 ∂r2+
 1
 r2
 ∂2uǫz
 ∂θ2
 )
 − ǫ3/2ν
 βL2
 ∂2uǫz
 ∂z2= −R
 L
 ∂pǫ
 ∂z,
 ∂uǫr
 ∂t+ uǫ
 r
 ∂uǫr
 ∂r+uǫ
 θ
 r
 ∂uǫr
 ∂θ− 1
 r(uǫ
 θ)2 +
 R
 Luǫ
 z
 ∂uǫr
 ∂z− ǫ3/2ν
 βR2
 (
 1
 r
 ∂uǫr
 ∂r+∂2uǫ
 r
 ∂r2
 +1
 r2
 ∂2uǫr
 ∂θ2− uǫ
 r
 r2− 2
 r2
 ∂uǫθ
 ∂θ
 )
 − ǫ3/2ν
 βL2
 ∂2uǫr
 ∂z2= −∂pǫ
 ∂r+r
 4− ruǫ
 θ,
 ∂uǫθ
 ∂t+ uǫ
 r
 ∂uǫθ
 ∂r+uǫ
 θ
 r
 ∂uǫθ
 ∂θ+uǫ
 ruǫθ
 r+R
 Luǫ
 z
 ∂uǫθ
 ∂z− ǫ3/2ν
 βR2
 (
 1
 r
 ∂uǫθ
 ∂r+
 ∂2uǫθ
 ∂r2+
 1
 r2
 ∂2uǫθ
 ∂θ2+
 2
 r2
 ∂uǫr
 ∂θ− uǫ
 θ
 r2
 )
 − ǫ3/2ν
 βL2
 ∂2uǫθ
 ∂z2= −1
 r
 ∂pǫ
 ∂θ+
 1
 ruǫ
 r,
 (3.1)
 where the coefficients are now unitless. We will use these equations below to obtainequations for various orders of the small parameter ǫ. We remind the reader that theseequations are written from the vantage point of an observer who is rotating in the −θ(clockwise) direction with half the speed of the rotor blades. Thus both the rotors and thestators are moving in this reference frame with the same speed but in opposite directions,see Figure 2.
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4 Two-scales asymptotic expansions
 We will now apply stochastic homogenization to the equations (3.1). Define the localvariables ζ = z
 ǫ, α = r
 ǫ, κ = θ
 ǫ, the fast time τf = t√
 ǫand the slow time τs =
 √ǫt. We
 concentrate on a unit cell (ζ, α, κ) ∈ (0, 1) × (12, 3
 2) × (0, 1) and apply periodic boundary
 condition on local variables. Also consider τf ∈ (0, 1) and assume that this fast time isalso periodic with period 1. The reason why we get the local cell (1
 2, 3
 2) for the radial
 variable, instead of the standard local cell (0, 1) is that the inner and outer radius for thecompressor approach the mean radius R = r1+r2
 21, r1 being the radius of the hub and r2
 that of the casing, as ǫ→ 0, which is then rescaled to one. If r1, r2 are the rescaled innerand outer radii, then r2 − r1 = ǫ and r1+r2
 2= 1 for every ǫ > 0, and on the unit cell
 r2 − r1 = 1 which implies that the unit cell is (12, 3
 2). Another way of saying this is that
 when ǫ = 1 then we have an engine where the distance between the hub and the casingis the same as the mean radius R. The angular and axial directions are easily rescaled togive the unit cell.
 Note that having three different time scales is crucial: the fast time scale describesthe turbulent flow in the unit cell, the normal time scale describes the rotation of therotors, and the slow time scale describes the overall large scale dynamics of the flow inthe compressor. In hot wire experiments [21] these time-scales appear well separated.That is to say, the small and fast turbulent scales are well separated from design flow andindependent of large variations in the design flow. This is the fundamental separation ofscales in the problem. The modulational instabilities are presented by a few (one, twoor three) modes well separated from the turbulence although their appearance increasessignificantly the turbulent activity. These instabilities are not so well separated fromdesign flow that they serve to make unstable. However, one can still justify the separationof the slow and the normal time scales by viewing the instabilities as a slow modulationacting on the scale of the whole compressor. This is analogous to averaging in ODEs, see[34].
 1We recall that the domain Ωǫ depends on ǫ, and so do the radii of the hub and casing, even if this isnot spelled out in the notation. A more consistent but cumbersome notation would be r
 ǫ
 1and r
 ǫ
 1.
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We make the following asymptotic expansion:
 uǫz(z, r, θ, t) =
 √ǫ
 ∞∑
 i=0
 ǫiuiz(z,
 z
 ǫ, r,
 r
 ǫ, θ,
 θ
 ǫ,√ǫt, t,
 t√ǫ),
 uǫr(z, r, θ, t) =
 √ǫ
 ∞∑
 i=0
 ǫiuir(z,
 z
 ǫ, r,
 r
 ǫ, θ,
 θ
 ǫ,√ǫt, t,
 t√ǫ),
 uǫθ(z, r, θ, t) =
 √ǫ
 ∞∑
 i=0
 ǫiuiθ(z,
 z
 ǫ, r,
 r
 ǫ, θ,
 θ
 ǫ,√ǫt, t,
 t√ǫ),
 pǫ(z, r, θ, t) =∞∑
 i=0
 ǫipi(z,z
 ǫ, r,
 r
 ǫ, θ,
 θ
 ǫ,√ǫt, t,
 t√ǫ),
 (4.1)
 The scaling here is the same as in [9], except for the introduction of the slow time,√ǫt.
 As we mentioned before, this is the unique scaling that preserves the structure of theNavier-Stokes equation in the leading order equation. However this scaling does breakthe invariance of the Navier-Stokes equation. This must be done in problems that haveseparation of scales: what is happening on the small scale is independent of what ishappening on the large scale. Thus the problem is not scale invariant.
 Substituting these expansions into the non-dimensional Navier-Stokes equations (3.1)and applying the chain rule:
 ∂∂z
 = ∂∂z
 + 1ǫ
 ∂∂ζ
 , ∂∂r
 = ∂∂r
 + 1ǫ
 ∂∂α
 , ∂∂θ
 = 1r
 ∂∂θ
 + 1rǫ
 ∂∂κ
 , ∂∂t
 =√ǫ ∂
 ∂τs+ ∂
 ∂t+ 1√
 ǫ∂
 ∂τf,
 we obtain the following equations by gathering terms of the same order:
 ǫ−1 terms:
 ∂p0
 ∂ζ= 0, z − equation,
 ∂p0
 ∂α= 0, r − equation,
 ∂p0
 ∂κ= 0, θ − equation.
 (4.2)
 This simply says that we have yp0 = 0, i.e. p0 does not depend on the local scale,where the vector y = (ζ, α, κ) denotes the local scale.
 The ǫ0 terms give us the local equation, containing the fast time scale, of the Navier-Stokes equation:
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The Local Equations
 ∂u0z
 ∂τf+ u0
 r
 ∂u0z
 ∂α+
 1
 ru0
 θ
 ∂u0z
 ∂κ+R
 Lu0
 z
 ∂u0z
 ∂ζ
 − ν
 βR2
 (
 ∂2u0z
 ∂α2+
 1
 r2
 ∂2u0z
 ∂κ2
 )
 − ν
 βL2
 ∂2u0z
 ∂ζ2= −R
 L
 (
 ∂p0
 ∂z+∂p1
 ∂ζ
 )
 ,
 ∂u0r
 ∂τf+ u0
 r
 ∂u0r
 ∂α+
 1
 ru0
 θ
 ∂u0r
 ∂κ+R
 Lu0
 z
 ∂u0r
 ∂ζ
 − ν
 βR2
 (
 ∂2u0r
 ∂α2+
 1
 r2
 ∂2u0r
 ∂κ2
 )
 − ν
 βL2
 ∂2u0r
 ∂ζ2= −
 (
 ∂p0
 ∂r+
 ∂p1
 ∂α
 )
 +r
 4,
 ∂u0θ
 ∂τf+
 (
 u0r
 ∂u0θ
 ∂α+
 1
 ru0
 θ
 ∂u0θ
 ∂κ
 )
 +R
 Lu0
 z
 ∂u0θ
 ∂ζ
 − ν
 βR2
 (
 ∂2u0θ
 ∂α2+
 1
 r2
 ∂2u0θ
 ∂κ2
 )
 − ν
 βL2
 ∂2u0θ
 ∂ζ2= −1
 r
 (
 ∂p0
 ∂θ+∂p1
 ∂κ
 )
 .
 (4.3)
 This system describes the turbulent flow in the small scales. The boundary conditionsfor this system are u = 0 on the hub and the casing and on the blades, and n · ∇u = 0 inthe inlet and the outlet ducts. The blades are stationary in the local equations but thevelocity is extended to be constant inside the blades. We clearly need to know the detailedgeometry of the blades to get an exact solution. However, since we have separation ofscales in the jet engine flow, what is happening in the large scales is independent of thesedetails as long as the cumulative effect, appearing later as eddy viscosity, on the largescales is captured. This will prompt us to average over the local scales in the next section.
 The ǫ1/2 terms give us the normal time information in the Navier-Stokes equation:
 ∂u0z
 ∂t= 0,
 ∂u0r
 ∂t= −ru0
 θ,
 ∂u0θ
 ∂t=
 1
 ru0
 r .
 (4.4)
 This normal time flow takes place in the geometry of moving rotors and stators, withthe flow velocity being equal to the velocity of the rotors and the stators at the boundary.The boundary conditions on the hub become
 uθ =1
 2, ur = 0 = uz,
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and at the casing
 uθ = −1
 2, ur = 0 = uz.
 These are the velocities of the hub and the casing with respect to an observer moving athalf the velocity of the rotors.
 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2−2
 −1.5
 −1
 −0.5
 0
 0.5
 1
 1.5
 2
 Figure 3: The normal time periodic rotation cells in the annulus between the hub and thecasings.
 The normal time equations describe the flow due to the Coriolis force stemming fromthe acceleration. The equations are most easily solved in Cartesian coordinates wherethey give counterclockwise rotation of the flow about some center with angular velocity1. Thus we add order ǫ1/2 terms to the normal time equation above,
 ∂u0z
 ∂t= 0,
 ∂u0r
 ∂t= −ru0
 θ + rǫ1/2(u0θ)
 2,
 ∂u0θ
 ∂t=
 1
 ru0
 r − 2ǫ1/2
 ru0
 ru0θ .
 (4.5)
 The terms we added must also be subtracted from the Global Equations below that are
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of order ǫ. In Cartesian coordinates the normal time equations become
 ∂u0z
 ∂t= 0,
 ∂u0x
 ∂t= −u0
 y,
 ∂u0y
 ∂t= u0
 x ,
 (4.6)
 and are easily solved. The Cartesian velocity vectors have the form : u0x = −(a cos(t) −
 b sin(t)), u0y = −(a sin(t)+b cos(t)), uz = c. If the coefficients a, b and c are constant, these
 equations are easily solved for the streamlines
 x(t) = r cos(θ) + x0 = (a cos(t) − b sin(t)) + x0
 y(t) = r sin(θ) + y0 = (a sin(t) + b cos(t)) + y0 (4.7)
 z(t) = z0 + ct,
 These streamlines are analogous to the flow lines of cylindrical Rayleigh-Benard convectionrolls in Rayleigh-Benard flow, see [20], but with constant flow in the z direction. Thesimplest solution is a circular flow (x0, y0) = (0, 0) and r > 1/2 around the hub thatmodifies the normal time flow rotation. This solution is responsible for fluctuation in thenormal time swirling flow. The rest of the solutions consist of vortex tubes of periodic( in the radial and angular components of the velocity) flow in the annulus between thehub and casing, see Figure 3. These solutions can be expected to play a role in theinstabilities of the swirling flow. The period of the flow is 2π as stipulated by normalizedangular velocity β = 1. However, in order to satisfy the boundary conditions in a realisticgeometry, the coefficients a, b and c are functions of the variables x, y and z in additionto the local variables and fast and slow times and then the streamlines become morecomplex. The general form is an axial vortex tube similar to flow spiraling around aRayleigh-Benard rotation roll. The difference between the Rayleigh-Benard convectionrolls and ours is that the Rayleigh-Benard rolls alternate their direction of rotation but ourrolls all rotate in the same counterclockwise direction opposite to the clockwise directionof the rotors and the hub. In fact they do not satisfy the boundary conditions on the hub,instead on the hub their velocity is
 uθ = 1, ur = 0 = uz,
 whereas at the casing
 uθ = −1
 2, ur = 0 = uz.
 This means that we can expect a boundary layer on the hub.
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Notice that when t = 2nπ, we get u0x = a and u0
 y = b. The Poincare map of the normaltime is defined to be value of u at times t = nT where T determines a fixed normal timeinterval. Since we take very small time steps in the slow time τs for every time step ofsize T in normal time, we can consider the average over the local scale and fast time,where these averages are a good approximation to the (normal-time) Poincare map of u.This is the point of view in the remainder of the paper. In other words by averaging outthe fast motion and local scales and considering the slow and large-scale modulation ofthe normal time periodic motion, given above, we get a good flow approximation to thenormal-time Poincare map. This is analogous to the averaging method for ODEs, see forexample [34].
 The Global EquationsThe ǫ1 terms give us the global slow time Navier-Stokes equation. These equations fill
 a whole page and have been placed in the Appendix A. The system of equations describesthe velocity field in the large scales. In the following sections, we will derive the Moore-Greitzer equation from this system. If the normal time flow above is taken into accountthen the term r(u0
 θ)2 must be subtracted from the right hand side of the u0
 r equation andthe term 2
 ru0
 ru0θ added to the right hand side of the u0
 θ equation. These terms constitutethe contribution of the normal time flow to the slow global flow.
 5 The mean velocity field
 The next step in the standard homogenization procedure is to average out the localvariables from the global equation while applying the periodic boundary condition. Thegoal of this step is to average out what is happening in the small scales and see what thelarge scale outcome is, including the cumulative influence of the small scales.
 Taking the average over the local variables ζ , α, κ and fast time τf in (A.9) and using
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the periodicity in the local spacial variables and fast time yields:
 ∂u0z
 ∂τs+ u0
 r
 ∂u0z
 ∂r+ u0
 r
 ∂u1z
 ∂α+ u1
 r
 ∂u0z
 ∂α+
 1
 r
 (
 u0θ
 ∂u0z
 ∂θ+ u0
 θ
 ∂u1z
 ∂κ+ u1
 θ
 ∂u0z
 ∂κ
 )
 +R
 Lu0
 z
 ∂u0z
 ∂z= −R
 L
 ∂p1
 ∂z,
 ∂u0r
 ∂τs+ u0
 r
 ∂u0r
 ∂r+
 1
 r
 (
 u0θ
 ∂u0r
 ∂θ+ u0
 θ
 ∂u1r
 ∂κ+ u1
 θ
 ∂u0r
 ∂κ
 )
 +R
 L
 (
 u0z
 ∂u0r
 ∂z+ u0
 z
 ∂u1r
 ∂ζ+ u1
 z
 ∂u0r
 ∂ζ
 )
 − 1
 r(u0
 θ)2
 = −∂p1
 ∂r,
 ∂u0θ
 ∂τs+ u0
 r
 ∂u0θ
 ∂r+ u0
 r
 ∂u1θ
 ∂α+ u1
 r
 ∂u0θ
 ∂α+
 1
 ru0
 θ
 ∂u0θ
 ∂θ+
 1
 ru0
 ru0θ
 +R
 L
 (
 u0z
 ∂u0θ
 ∂z+ u0
 z
 ∂u1θ
 ∂ζ+ u1
 z
 ∂u0θ
 ∂ζ
 )
 = −1
 r
 ∂p1
 ∂θ,
 (5.1)
 where
 u0z(z, r, θ, τs, t) =
 ∫ 1
 0
 ∫ 3
 2
 1
 2
 ∫ 1
 0
 ∫ 1
 0
 u0z dζdκdαdτf
 denotes the average over the local variables and fast time, and similarly for the othercomponents. The equations are much simpler than the global equations in Appendix A,due to the cancellations that take place. The interior boundary (the blades) in the fluidare removed by the averaging but we are left with vanish boundary condition on the huband the casing and n · ∇u = 0 in the inlet and outlet ducts.
 6 The derivatives of the local variable eliminated
 The mean velocity field equations contain both global and local variable derivatives. Wewant to eliminate the local variable derivatives by using incompressability and integrationby parts. This dramatically simplifies our equations.
 The non-dimensionalized continuity equation in cylindrical coordinates is:
 ∂uǫr
 ∂r+
 1
 r
 ∂uǫθ
 ∂θ+R
 L
 ∂uǫz
 ∂z+uǫ
 r
 r= 0 (6.1)
 The coefficient RL
 is introduced by the non-dimensionalization procedure in Section 3.
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We perform the same two-scale asymptotic expansion as before and get the followingequations:
 ǫ−1/2 equation:
 ∂u0r
 ∂α+
 1
 r
 ∂u0θ
 ∂κ+R
 L
 ∂u0z
 ∂ζ= 0 (6.2)
 ǫ1/2 equation:
 ∂u0r
 ∂r+
 1
 r
 ∂u0θ
 ∂θ+R
 L
 ∂u0z
 ∂z+u0
 r
 r+∂u1
 r
 ∂α+
 1
 r
 ∂u1θ
 ∂κ+R
 L
 ∂u1z
 ∂ζ= 0 (6.3)
 We substitute in these two equations and integrate by parts in the mean velocity fieldequations (5.1) to eliminate the local variable derivatives and reduce (5.1) to:
 ∂u0z
 ∂τs+
 1
 r
 ∂
 ∂r
 (
 ru0ru
 0z
 )
 +1
 r
 ∂
 ∂θ
 (
 u0θu
 0z
 )
 +R
 L
 ∂
 ∂z(u0
 z)2 = −R
 L
 ∂p1
 ∂z,
 ∂u0r
 ∂τs+
 1
 r
 ∂
 ∂r
 (
 r(u0r)
 2)
 +1
 r
 ∂
 ∂θ
 (
 u0ru
 0θ
 )
 +R
 L
 ∂
 ∂z
 (
 u0ru
 0z
 )
 − 1
 r(u0
 θ)2
 = −∂p1
 ∂r,
 ∂u0θ
 ∂τs+
 1
 r2
 ∂
 ∂r
 (
 r2u0θu
 0r
 )
 +1
 r
 ∂
 ∂θ(u0
 θ)2+R
 L
 ∂
 ∂z
 (
 u0θu
 0z
 )
 +1
 ru0
 ru0θ = −1
 r
 ∂p1
 ∂θ.
 (6.4)
 The large global equations in the Section 4 consuming one page in Appendix Aare now reduced to three lines after averaging over the local scales and elimination byincompressability.
 If the effects of the normal time flow in Section 4 is incorporated then the averagedglobal equations become,
 ∂u0z
 ∂τs+
 1
 r
 ∂
 ∂r
 (
 ru0ru
 0z
 )
 +1
 r
 ∂
 ∂θ
 (
 u0θu
 0z
 )
 +R
 L
 ∂
 ∂z(u0
 z)2 = −R
 L
 ∂p1
 ∂z,
 ∂u0r
 ∂τs+
 1
 r
 ∂
 ∂r
 (
 r(u0r)
 2)
 +1
 r
 ∂
 ∂θ
 (
 u0ru
 0θ
 )
 +R
 L
 ∂
 ∂z
 (
 u0ru
 0z
 )
 + (r − 1
 r)(u0
 θ)2
 = −∂p1
 ∂r,
 ∂u0θ
 ∂τs+
 1
 r2
 ∂
 ∂r
 (
 r2u0θu
 0r
 )
 +1
 r
 ∂
 ∂θ(u0
 θ)2+R
 L
 ∂
 ∂z
 (
 u0θu
 0z
 )
 − 1
 ru0
 ru0θ = −1
 r
 ∂p1
 ∂θ.
 (6.5)
 7 Eddy viscosity, forcing and the new model
 The uz equation in (6.4) must now be rewritten to compare with the Moore-Greitzerequation (1.1). Recall that in the Moore-Greitzer equation, we have an eddy viscosity
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term [18] which is the second derivative of θ, a transport term which is the first derivativeof θ, and a forcing term which is modeled by a cubic polynomial. Since we use a rotatingframe with half the speed of the rotor and the original Moore-Greitzer equation is in theinertial frame, we will not have the transport term as in the Moore-Greitzer equation.Our goal is to rewrite the uz equation to explicitly express the eddy viscosity term andthe forcing term as follows:
 ∂u0z
 ∂τs= ·
 (
 A u0z
 )
 + Fz (7.1)
 where A is a 3 by 3 eddy viscosity matrix coefficient and Fz is the forcing term. We aregoing to find formulas for A and Fz.
 Firstly, we rewrite the eddy viscosity term in the component form as follows:
 ·(
 A u0z
 )
 =∂
 ∂z
 (
 a11∂u0
 z
 ∂z
 )
 +1
 r
 ∂
 ∂z
 (
 a12∂u0
 z
 ∂θ
 )
 +∂
 ∂z
 (
 a13∂u0
 z
 ∂r
 )
 +1
 r
 ∂
 ∂θ
 (
 a21∂u0
 z
 ∂z
 )
 +1
 r2
 ∂
 ∂θ
 (
 a22∂u0
 z
 ∂θ
 )
 +1
 r
 ∂
 ∂θ
 (
 a23∂u0
 z
 ∂r
 )
 +∂
 ∂r
 (
 a31∂u0
 z
 ∂z
 )
 +1
 r
 ∂
 ∂r
 (
 a32∂u0
 z
 ∂θ
 )
 +∂
 ∂r
 (
 a33∂u0
 z
 ∂r
 )
 +1
 ra31
 ∂u0z
 ∂z+
 1
 ra33
 ∂u0z
 ∂r,
 (7.2)
 where the coefficients aij are listed in Appendix B. Due to the cylindrical coordinatesthere are some first derivative terms present.
 We will now look for solutions with the deviation of the velocity from the mean aninner product of the gradient of global variables with a vector depending on the localvariables and fast time only:
 u0z = u0
 z + u0z · χz (ζ, κ, α, τf)
 u0r = u0
 r + u0r · χr (ζ, κ, α, τf)
 u0θ = u0
 θ + u0θ · χθ (ζ, κ, α, τf) .
 (7.3)
 Note that χz = χr = χθ = 0.
 The equations for the components of the eddy viscosity tensor χ are obtained bysubstituting (7.3) into the local equation (4.3). This is called the cell problem,
 ∂χ
 ∂τf= ∆yχ, (7.4)
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with periodic boundary conditions on the local cell. It is accompanied by a nonlinearversion of Darcy’s Law
 (u0 + χz (y, τf) · ∇xu0)∇yχz (y, τf)∇xu0 = −(∇xp0 + ∇yp1), (7.5)
 determining the pressure gradient ∇yp1 up to terms coming from the boundary.
 We now write each term in the u equation of (6.4) in terms of u0z, u
 0θ, u
 0r, χ
 z, χθ andχr, denoting the 3 components of χz as χz
 z, χzθ and χz
 r and similarly for χθ and χr, andthen compare the coefficient of each derivative term with the matrix coefficient. Aftersome calculation we write down the equations and the forcing terms as follows. Thecoefficients of the eddy viscosity matrices A,B and C are placed in the appendix B.
 The z equations is:∂u0
 z
 ∂τs= ·
 (
 A u0z
 )
 + Fz, (7.6)
 where
 Fz = −RLu0
 z
 ∂u0z
 ∂z− 1
 ru0
 θ
 ∂u0z
 ∂θ− u0
 r
 ∂u0z
 ∂r− R
 L
 ∂p1
 ∂z. (7.7)
 Similarly, we rewrite the r equation as follows:
 ∂u0r
 ∂τs= ·
 (
 B u0r
 )
 + Fr, (7.8)
 where
 Fr = −RLu0
 z
 ∂u0r
 ∂z− 1
 ru0
 θ
 ∂u0r
 ∂θ−u0
 r
 ∂u0r
 ∂r+(
 1
 r−r)u0
 θ
 2− ∂p1
 ∂r+(
 1
 r−r)∇u0
 θ ·χθ ⊗ χθ ·∇u0θ. (7.9)
 Also for θ equation, we rewrite it as:
 ∂u0θ
 ∂τs= ·
 (
 C u0θ
 )
 + Fθ, (7.10)
 where
 Fθ = −RLu0
 z
 ∂u0θ
 ∂z− 1
 ru0
 θ
 ∂u0θ
 ∂θ− u0
 r
 ∂u0θ
 ∂r+
 1
 ru0
 ru0θ +
 1
 r∇u0
 r · χr ⊗ χθ · ∇u0θ −
 1
 r
 ∂p1
 ∂θ. (7.11)
 We have included the effects of the normal time flow in Section 4 in these forcing terms.The three global averaged equations with eddy viscosity can now be written as
 ∂u
 ∂τs+ u · ∇u−∇ · (A∇ u) = −∇p1 + g
 ∇ · u = 0
 (7.12)
 20

Page 21
                        

where A is the eddy viscosity tensor, A∇u denotes the 3×3 matrix (A∇u0z, B∇u0
 r, C∇u0θ),
 and we have split the force F = (Fz, Fr, Fθ) into inertial terms and the pressure gradi-ent ∇p1 = (∂p1
 ∂z, ∂p1
 ∂r, 1
 r∂p1
 ∂θ), where all the z derivative are interpreted to be R
 L∂∂z
 . In addition
 there is a term g = (0, (1r− r)u0
 θ
 2+ (1
 r− r)∇u0
 θ · χθ ⊗ χθ · ∇u0θ,
 1ru0
 ru0θ + 1
 r∇u0
 r · χr ⊗ χθ · ∇u0θ)
 due to the Coriolis forces and the cylindrical coordinates and the associated viscosity. No-tice that the local geometry (rotors and stators) has been averaged out so there is no longeran internal boundary in the fluid, and the earlier centrifugal and Coriolis forcing termswere left in the local and normal time equations respectively.
 The equation (7.12) can be solved numerically on a coarse grid. However, we still needan equation for the pressure p1.
 The pressure equation is derived by taking divergence on both sides of the Navier-Stokes equations and performing the same asymptotic expansion as before. The detailsare similar to the derivation in Section 4 and therefore omitted. We obtain the followingPoisson equation for p1.
 yp1 =8
 rcsc2(2θ)
 (
 ∂u0r
 ∂α
 ∂u0θ
 ∂κ− ∂u0
 θ
 ∂α
 ∂u0r
 ∂κ
 )
 + 4L
 R
 (
 ∂u0r
 ∂α
 ∂u0z
 ∂ζ− ∂u0
 z
 ∂α
 ∂u0r
 ∂ζ
 )
 +4
 r
 L
 R
 (
 ∂u0θ
 ∂κ
 ∂u0z
 ∂ζ− ∂u0
 z
 ∂κ
 ∂u0θ
 ∂ζ
 )
 + 4 cot(2θ)L
 R
 (
 ∂u0θ
 ∂α
 ∂u0z
 ∂ζ− ∂u0
 z
 ∂α
 ∂u0θ
 ∂ζ
 )
 +4
 rcot(2θ)
 L
 R
 (
 ∂u0z
 ∂κ
 ∂u0r
 ∂ζ− ∂u0
 r
 ∂κ
 ∂u0z
 ∂ζ
 )
 (7.13)
 where y is the scaled Laplacian operator for the local variables, i.e., there is a coefficientLR
 in front of the ζ derivative. The scaling is the same as in Section 3.Detailed local geometry is required to solve this equation for all the local cells. We
 refer to Figure 2 for the geometry and the boundary condition of the local cells. Theboundary conditions on the pressure are that ∇p = 0 in the inlet and outlet of the cell,see Figure 2, and ∇p is given on the rotor and stator blades. The solution becomes
 p1 =
 ∫
 Y
 G(z, y)f(z)dz −∫
 blades
 G(z, y)∇p(z) · ndσ(z), (7.14)
 where f denotes the right hand side of the Poisson equation (7.13), G is the Green’sfunction for the local cell Y = T 3, p is the boundary pressure on the blades and σ denotesthe surface measure on the blades. The pressure gradient on the blades is simply theacceleration (divided by density = 1) that the fluid experiences as it enters the local cell.Averaging over the local scale we get
 p1(x) = −∫
 blades
 Gx(z, y)∇p(z) · ndσ(z), (7.15)
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because f = 0 by the equation (7.13) and Gx depends on x only through the localgeometry. Notice that consistently the local average over the left hand side of (7.5) isalso zero. Thus the average of the pressure p1 is solely determined by the forcing by theblades.
 The Improved Model
 The two equations (7.12) and (7.15) give the numerically solvable model for the jetengine flow. The point is that Gx(z, y) can be found numerically once the local geometryis known and then we can solve (7.16) on a coarse grid because all the fine structure in theflow has been averaged out. This computation can be performed with current computertechnology.
 Model 1:
 The solution u of the improved model for jet engine flow
 ∂u
 ∂τs+ u · ∇u−∇ · (A∇ u) = −∇p1 + g(u,∇u)
 u |t=0= u0
 ∇ · u = 0,
 n · ∇u = 0, in the inlet and the outlet ducts
 and u = 0, on the hub and casing,
 (7.16)
 is the formal limit as ǫ→ 0, of the solution to the Navier-Stokes equations (2.1), averaged(stochastically homogenized) over the local coordinates y and fast time tf .
 Recall that when the equations are written in polar coordinates then
 g = (0, (1
 r− r)u0
 θ
 2+ (
 1
 r− r)∇u0
 θ · χθ ⊗ χθ · ∇u0θ,
 1
 ru0
 ru0θ +
 1
 r∇u0
 r · χr ⊗ χθ · ∇u0θ).
 A is the eddy viscosity tensor whose coordinates are given in Appendix B.
 Remark 7.1 Model 1 is our assumption and we state it as a stochastically homogenizedaverage. However, the average could also be taken to be a Reynolds Averaged Navier-Stokes (RANS) or Large Eddy Simulation (LES) model where a subgrid model is used tofinds A. Thus Model 1 can be interpreted to be a RANS or LES model and this taken asa starting point instead of a stochastic homogenization.
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8 The Stochastic Homogenization
 We will now recap briefly how the equations of the different order fit together in thestochastic homogenization theory. The ǫ of order −1 equation (4.2) give the independenceof the global pressure p0 of the local variable y. The ǫ of order 0 equation (4.3) is the LocalEquation, it is nonlinear and cannot be solved explicitly but we can show that solutionsexist. Its solvability condition
 ∇xp0 = −(pout1 − pin
 1 ) + fcent,
 where fcent = (0, r/4, 0), implies that the global pressure gradient balances the localpressure increase over the local cell. The ǫ of order 1/2 equation (4.4) can be solvedexplicitly and produces the axial vortex tubes. Its solvability condition is trivial. The ǫ oforder 1 equation (A.9) is in Appendix A. Its solvability condition is the Global Equation(6.4). That equation reduces to the Improved Model (7.16) after the introduction of theeddy viscosity tensor. Finally components of the eddy viscosity tensor satisfy the heatequation (7.4) with positive boundary data.
 9 The average over normal time
 The averaging over the normal-time periodic motion in Section 4 effects a tremendoussimplification of the global equations describing the slow-time jet engine flow. This av-eraging amounts to an approximation of the Poincare map associated with the periodicnormal-time flow and is analogous to the averaging method for ODEs, see [34]. It is sim-plest to carry this averaging out in Cartesian coordinates so now we express the equations(7.1)-(7.10) is Cartesian coordinates.
 We recall from Section 4 that the u0x and the u0
 y components of the (normal time)velocity (in the rotation frame) can be written in the form u0
 x = −(a cos(t)− b sin(t)) andu0
 y = −(a sin(t) + b cos(t)), whereas u0z does not depend on the normal time. We multiply
 the u0x and u0
 y equations (considered to be a two-vector) on the right by,
 (
 cos(t) sin(t)− sin(t) cos(t)
 )
 and average the three velocity equations (7.1)-(7.10) over the normal time period π. Recallthat we have defined the derivative with respect to z to mean R
 L∂∂z
 .This give the equations for the three velocity components in Theorem 9.1 and amounts
 to finding a slow modulation of the normal-time periodic orbit.
 23

Page 24
                        

The New Model
 Let the normal-time cylindrical rotation be
 (
 u0x
 u0y
 )
 =
 (
 cos(t) − sin(t)sin(t) cos(t)
 )(
 a
 b
 )
 , (9.17)
 where a and b are still functions of the global variables and slow time.
 Theorem 9.1 The time average, of the u0z flow along the axis and the amplitude of the
 normal-time cylindrical rotation in the jet engine, is determined by the slow-time equations
 ∂u0z
 ∂τs+ u0
 z
 ∂u0z
 ∂z+
 ∂
 ∂z(∇u0
 z · χz ⊗ χz · ∇u0z) = −∂p1
 ∂z
 ∂a
 ∂τs+∂(u0
 za)
 ∂z+
 ∂
 ∂z
 (
 χza · ∇u0z
 )
 = 0
 ∂b
 ∂τs+∂(u0
 z b)
 ∂z+
 ∂
 ∂z
 (
 χzb · ∇u0z
 )
 = 0.
 (9.18)
 Their solutions are the averaged formal limit limǫ→0 ǫ−1/2uǫ of the solutions to the Navier-
 Stokes equations (2.1), averaged once more over the period of the rotation of the normaltime vortex tubes (4.7).
 Proof: The proof follows immediately from Model 1, using the normal-time averagingcomputation in this section. QED
 The equations (9.18) determine the slow modulations of the cylindrical rotation rollsthat are aligned with the (z) axis of the jet engine. They give more information than theMoore-Greitzer equations (1.1) but are much simpler to analyze than the improved model(7.1)-(7.10).
 Remark 9.1 Notice that the flow in the z-direction (u0z) is a slow addition to the
 constant normal time flow (design flow) in Section 4, whereas the flow in the r and θdirections is normal-time rotation with a slow modulation, given by the a and b equationsabove. It must be kept in mind, although we have not proven this, that we are in (9.18)approximating a Poincare map by a flow and maps are different from a flow. However,this approximation gives the correct information about the map, see [34], including thestability of the solutions and their bifurcations.
 We are actually done at this point. We have succeeded in deriving a model (9.18)for the jet engine flow that promises to be significantly better that the Moore-Greitzerequation. (Assuming of course that it tests well against experimental data.) Not only
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does it have an equation (for u0z) describing the flow in the z directions, this new model
 also contains two more equations (for a and b) describing the stability of the vortex tubes,analogous to Rayleigh-Benard convection, that can be expected to play a major role inthe flow. This is the model that one should simulate and analyze to get a better pictureof the flow in the jet engine. However, we are not done if we also want to investigate howthe conventional Moore-Greitzer equations fit into the new model and this is the topic forthe next three sections.
 10 The mean flow and the deviation
 In this section, we are going to split the uz equation into the mean flow and thedeviation in order to compare with the Moore-Greitzer equation.
 Consider the first two equations in (9.18). We integrate both of these equations withrespect to the z variable imagining the compressor to be equivalent to an actuator disk.This was suggested by Moore and Greitzer, see [30]. Since we want to compare with theoriginal Moore-Greitzer equation, we implement this idea by integration in z. The resultis:
 ∂u0z
 ∂τs= −(∇u0
 z · χz ⊗ χz · ∇u0z)|z1
 z0− (u0
 z)2
 2|z1
 z0− p1|z1
 z0
 ∂a
 ∂τs= −u0
 za|z1
 z0−(
 χza · ∇u0z
 )
 |z1
 z0
 ∂b
 ∂τs= −u0
 z b|z1
 z0−(
 χza · ∇u0z
 )
 |z1
 z0,
 (10.1)
 where z0 marks the entrance and z1 the exit of the compressor scaled by LR.
 We have redefined the meaning of the overlines to simplify notation. It is now redefinedto be the mean over z, ζ , κ, α, τf and t wheras hat indicates the old overline that wasthe mean over ζ , κ, α, τf and t only. Moreover z has been rescaled by L
 R.
 Note that ∂u2z
 ∂zand ∂p1
 ∂zare the same as the difference of the average of u2
 z and p1
 respectively over local variables, fast and normal times evaluated at the two ends of thecompressor. If we switch to the old definition of the overline, i.e., only the average overlocal variables, fast and normal times, we could rewrite these terms as u2
 z(z1)−u2z(z0) and
 p1(z1) − p1(z0), where z1 is the back end of the compressor and z0 is the front end.We next make a closure ansatz analogous to the one in Section 7. We express the
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previous average of the velocity u0z and amplitudes as,
 u0z = u0
 z + ξz (z) · ∇u0z
 a = a+ ξa (z) · ∇a
 b = b+ ξb (z) · ∇b.
 (10.2)
 A substitution of the expressions (10.2) into the equations (10.1) gives the new equa-tion
 ∂u0z
 ∂τs= −2∇u0
 z · χz ⊗ χz · ∇(
 E · ∇u0z
 )
 −∇ (E · ∇u0z) · χz ⊗ χz · ∇ (D · ∇u0
 z) (10.3)
 − (u0z)2
 2|z1
 z0− p1|z1
 z0, (10.4)
 where E = ξz(z1)− ξz(z0) and D = ξz(z1) + ξz(z0) and ∇ denotes the two-dimensional (rand θ) gradient. The amplitude equations can similarly be found but they are probablynot physically relevant for the actuator disk model. We are going to use the equation(10.3) to compare with the Moore-Greitzer equation but whereas the first term of theright is a viscous term, we have to discuss the role of the last three terms.
 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.50
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 Figure 4: The Pressure Characteristic and the Throttle Curve (passing through the ori-gin), the vertical axis is the pressure rise Ψ, and the horizontal axis is the mean flow Φ.
 Let Ψ be the pressure rise from the plenum to the throttle, which is independent of θ(This will be discussed below). Then motivated by the equation (10.3) we can define thetotal pressure rise in the compressor as well as in the plenum.
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Definition 10.1 The pressure characteristic is defined to be
 ψc =R
 L(p1(z0) − p1(z1))+
 R
 2L
 (
 u2z(z1) − u2
 z(z0))
 −∇(
 E · ∇u0z
 )
 ·χz ⊗ χz ·∇(
 D · ∇u0z
 )
 +Ψ,
 where the bar on u0z denotes the average over the local variables, fast time and z. Notice
 that we have reverted back to the unscaled z variable in the definition. The conventionalmodel for the pressure characteristic is exhibited in Figure 4.
 We now take the θ average and split the u0z equation into the mean flow Φ over θ and
 the deviation ϕ from the mean:
 ∂ϕ
 ∂τs= −2(χzχz
 r
 ∂Φ
 ∂r+ χz ⊗ χz · ϕ) · (E · ϕ) +
 1
 lc
 (
 ψc −1
 2π
 ∫ 2π
 0
 ψcdθ
 )
 ∂Φ
 ∂τs= −2((χz
 r)2∂Φ
 ∂r+ χzχz
 r · ϕ)1
 r
 ∂
 ∂r
 (
 rEr∂Φ
 ∂r
 )
 +1
 lc
 (
 1
 2π
 ∫ 2π
 0
 ψcdθ − Ψ
 )
 (10.5)
 The two equations (10.5) give the equations for the deviation from the mean flow andmean flow respectively. Then we need just one more equation for the pressure rise Ψ tobe able to compare with the viscous Moore-Greitzer system (1.1).
 11 The equation for the pressure rise
 In this section, we are going to discuss the equation for the pressure rise in the Moore-Greitzer equation.
 The conservation of mass in the plenum gives the dynamic equation, see Moore andGreitzer [30], for the pressure rise from the plenum to the throttle:
 ∂Ψε
 ∂t=
 1
 4lc(Bǫ)2[Φε − γF−1
 T (Ψε)] (11.1)
 where lc = LR, Bǫ = U
 2as
 √
 Vp
 AǫcL
 , Vp is the volume of the plenum, Aǫc = ǫ2πR is the cross-
 sectional area of the compressor, γ is the throttle parameter, F−1T (Ψǫ) = sgn(Ψǫ)
 √
 | Ψǫ |and Ψε is the pressure rise from the plenum to the throttle.
 The mean flow Φε in the compressor is proportional to the rate of mass coming intothe plenum from the outlet duct. The throttle flow γF−1
 T (Ψε) (where FT is the parabolicthrottle characteristic) is proportional to the rate of mass going out of the plenum throughthe throttle. The difference of these two rates will result in a change of density in theplenum. On the other hand, the isentropic relation between density and pressure providesthat the rate of density change in the plenum is proportional to the rate of change ofpressure rise in the plenum. The gas in the plenum acts as a dynamics spring and musttherefore be taken to be compressible in distinction to the air in the compressor. For moredetails on how the above equation is derived, see [30].
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We now make the following asymptotic expansion for the pressure rise:
 Ψε(r, θ, t) =
 ∞∑
 i=1
 ǫiΨi
 (
 r, θ,√εt, t,
 t√ε
 )
 . (11.2)
 Note that the expansion starts at i = 1 since the 0th order pressure is the ambient pres-sure which does not change from the inlet duct to the throttle and thus the 0th orderpressure rise is zero. Applying the chain rule ∂
 ∂t=
 √ε ∂
 ∂τs+ ∂
 ∂t+ 1√
 ǫ∂
 ∂τfand gathering
 terms of the same order gives for
 ε1/2:∂Ψ1
 ∂τf= 0, (11.3)
 ε1:∂Ψ1
 ∂t= 0, (11.4)
 ε3/2:∂Ψ1
 ∂τs+∂Ψ2
 ∂τf=
 1
 4lcB2(Φ0 − γ sgn(Ψ1)
 √
 | Ψ1 |), (11.5)
 where B =√ǫBǫ = U
 2as
 √
 Vp
 πR2L. Averaging over the fast time gives
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |) (11.6)
 where Φ is the averaged Φ0 and Ψ = Ψ1, since (11.3) and (11.4) imply that the pressurerise is constant with respect to the fast and normal time.
 In the paper [5] it was proven that the solutions of the ODEs for Φ and Ψ are bounded.This permits us to apply the formal stochastic homogenization to Ψǫ along with airvelocity uǫ.
 12 The modified Moore-Greitzer equation
 Combining the equations in the previous two sections, we have the following system:
 ∂ϕ
 ∂τs= −2(χzχz
 r
 ∂Φ
 ∂r+ χz ⊗ χz · ϕ) · (E · ϕ) +
 1
 lc
 (
 ψc −1
 2π
 ∫ 2π
 0
 ψcdθ
 )
 ∂Φ
 ∂τs= −2((χz
 r)2∂Φ
 ∂r+ χzχz
 r · ϕ)1
 r
 ∂
 ∂r
 (
 rEr∂Φ
 ∂r
 )
 +1
 lc
 (
 1
 2π
 ∫ 2π
 0
 ψcdθ − Ψ
 )
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |)
 (12.1)
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where the coefficients of the eddy viscosity matrix are listed in Appendix B. This is themodified Moore-Greitzer we derived from the Navier-Stokes equations using stochastichomogenization. Compared with the original Moore-Greitzer equation, the difference isas follows:
 First, the form of the eddy viscosity term is generalized. We showed that it is not justthe second derivative with respect to θ as in the original Moore-Greitzer equation, it doeshave radial derivatives as well, only when there is negligible flow in the r direction in thecompressor will the simple eddy viscosity term in the Moore-Greitzer equation be a goodmodel.
 Secondly, the forcing term ψc is given explicitly in Definition 10.1, while the originalassumption was to model it using a cubic polynomial of the velocity in z direction. p1
 could be found by solving the Poisson equation for the pressure as explained in Section 7,u2
 z(z1) = g0out and u2
 z(z0) = g0in are given by the boundary conditions in the outlet and
 inlet ducts.Recall that if we used the frame rotating with the speed of the rotors instead of half
 the speed of the rotors, we will have a first θ-derivative term in the deviation equation. Ifwe transfer from our frame moving with half the speed of the rotors, to the inertial frameof reference, where ∂ϕ
 ∂τ= ∂ϕ
 ∂τs+ 1
 2∂ϕ∂θ
 , then the (slightly) improved Moore-Greitzer systembecomes:
 The Modified Viscous Moore-Greitzer Equation
 ∂ϕ
 ∂τs= −2(χzχz
 r
 ∂Φ
 ∂r+ χz ⊗ χz · ϕ) · (E · ϕ) − 1
 2
 ∂ϕ
 ∂θ+
 1
 lc
 (
 ψc −1
 2π
 ∫ 2π
 0
 ψcdθ
 )
 ∂Φ
 ∂τs= −2((χz
 r)2∂Φ
 ∂r+ χzχz
 r · ϕ)1
 r
 ∂
 ∂r
 (
 rEr∂Φ
 ∂r
 )
 +1
 lc
 (
 1
 2π
 ∫ 2π
 0
 ψcdθ − Ψ
 )
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |)(12.2)
 Finally, we prove the second part of our main result:
 Theorem 12.1 The mean flow Φ plus the deviation ϕ, in the solution to the modifiedviscous Moore-Greitzer equation (12.2), is the z and normal-time t average of the formalhomogenized 2 limit
 ∫ z1
 z0
 u0zdz = Φ + ϕ,
 of (the z component of) the solution ǫ−1/2 · uǫ, to the Navier-Stokes equation (2.1), asǫ→ 0.
 2averaged over the fast time and spatially local variables
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Proof: We obtain from Theorem 9.1 that formally ǫ−1/2 · uǫ → u0, where u0 solves theglobal homogenized Navier-Stokes equation (9.18). It follows that u0
 z is the stochasticallyhomogenized formal limit of ǫ−1/2 ·uǫ
 z. After we have integrated with respect to z from z0to z1, and averaged over the normal time as in Equation (9.18), where hat now denotesthe average over normal time, we obtain
 u0z =
 1
 2π
 ∫ 2π
 0
 u0zdt.
 Then we split∫ z1
 z0
 u0zdz = Φ + ϕ as in Section 10, see Equation (10.5) and add Equation
 (11.6) from Section 11 to get the modified viscous Moore-Greitzer equation (12.2). QED
 Corollary 12.1 If the radial components of the eddy viscosity are small, then the originalviscous Moore-Greitzer equation (1.1) is an excellent approximation to the modified viscousMoore-Greitzer equation (12.2).
 Proof: Assume that the r derivatives of ϕ and Φ are small. Then neglecting those termsin Equation (12.2) we get
 ∂ϕ
 ∂τs= −2χz
 θχzr
 r3
 ∂ϕ
 ∂θ
 ∂
 ∂θ
 (
 Eθ∂ϕ
 ∂θ
 )
 − 1
 2
 ∂ϕ
 ∂θ+
 1
 lc
 (
 ψc − ψc
 )
 ∂Φ
 ∂τs=
 1
 lc(ψc − Ψ)
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |),
 (12.3)
 This is the viscous Moore-Greitzer equation with the viscosity coefficient,
 −2χzθχ
 zr
 r3Eθ > 0.
 Recall that here χzθχ
 zrEθ are averaged over the small spatial scales, fast and normal time,
 so the product is a constant. Thus if the r derivatives of ϕ and Φ are small we recoverthe viscous Moore-Greitzer equation (1.1) with the viscous term
 −2χzθχ
 zr
 r3
 ∂ϕ
 ∂θ
 ∂
 ∂θ
 (
 Eθ∂ϕ
 ∂θ
 )
 as suggested in [1] and [26]. QED
 Remark 12.1 The explicit form of the pressure characteristic in Definition 10.1 showsthat it is probably not enough to model the pressure characteristic as a function of u0
 z
 only. Even if the first two terms can be modeled in this way the third term is a functionof the gradient ∇u0
 z.
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13 Coupling to a Combustion Model
 In this section we discuss how the above results and in particular the improved model(9.18) can be coupled to a detailed combustion model for the combuster and afterburnerin a jet engine.
 In flows with density changes as occur in combustion one introduces a density-weightedaverage u, called the Favre average, thus splitting the fluid velocity into the average andthe deviation
 u(x, t) = u(x, t) + u(x, t).
 The averaged continuity and momentum equations becomeThe Favre averaged continuity equation
 ∂ρ
 ∂t+ · (ρu) = 0, (13.4)
 andThe Favre averaged momentum equation
 ∂(ρu)
 ∂t+ · (ρu⊗ u) − · τ + · (ρu⊗ u) = − p+ ρg, (13.5)
 where the term (ρu⊗ u) is called the Reynolds stress tensor. These equations are used toderive equations for the Favre averaged turbulent kinetic energy k, and the Favre averagedturbulent dissipation ǫ. The resulting equations depend on the model of the Reynoldsstress tensor and are referred to as k-ǫ models, see [32]. In addition, one needs an equationfor the Favre averaged mixture fraction
 The mixture fraction equation
 ρ∂z
 ∂t+ ρu · z = · (ρD z), (13.6)
 where D is the diffusion coefficient and
 z =ηYF − YO2
 + YO2A
 ηYF1− YO2,A
 is the mixture fraction of fuel and oxygen O2, YF being the mass of the fuel and YO2that of
 the oxygen, at any give time, and YF1being the mass of the fuel and YO2,A
 the mass of theoxygen, in the fuel and oxidizer stream respectively and η is the stoichiometric oxygen-to-fuel mass ratio. One also needs equations for the mass fractions Yi of all the chemicalspecies involved in the reaction. There remains one equation the enthalpy equation, butwith some simplifying assumptions, [32], it becomes the same as the mixture fractionequation (13.6).
 One can use the same approach as we used to get the effective equations for thecompressor, in this paper, to get the effective equations for the combustion in the plenum
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and the afterburners. The full system of equations is too complicated to be analyzedby current technology but there is a well developed theory of one-dimensional thermalshocks propagating trough a fuel mixture. One can now hope to make the connectionbetween the effective equations and this theory and perhaps bring the latter to bear onthe observed longitudinal and azimuthal thermoacoustic instabilities in the combustor andafterburners. If these phenomena cannot be reduced to one-dimensional shock waves theresulting equations may still have to be solved numerically. Finally, the flow determinedby (9.18) can be fed into these equations and the effective combustion studied. One doesnot expect the spatial structure of the disturbances, surge and stall, to be important.These details will be washed out in the overwhelming mass of the plenum. However, theflow disturbances will show up in fluctuation in the mean flow and swirl and these willaffect the combustion and possibly the shock formation.
 14 A Numerical Comparison of the Viscous Moore-
 Greitzer Equation and the New Model
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 Figure 5: The deviation from the mean flow and the pressure as a function of mean flowduring the initiation and propogation of a stall cell
 We can now simulate the new equations and compare the results with the solutions ofthe viscous Moore-Greitzer equations (1.1). First we will simulate the equations (12.3),in the following form that we will call the New Model 1:
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New Model 1
 ∂ϕ
 ∂τs= ν
 ∂ϕ
 ∂θ
 (
 ∂2ϕ
 ∂θ2
 )
 − 1
 2
 ∂ϕ
 ∂θ+
 1
 lc
 (
 ψc − ψc
 )
 ∂Φ
 ∂τs=
 1
 lc(ψc − Ψ)
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |),
 (14.7)
 These equations are the same as the viscous Moore-Greitzer equations (1.1) except for
 the derivative ∂ϕ∂θ
 multiplying the viscous term ∂2ϕ∂θ2 . In Figures 5 to 7, we simulate the
 initiation and propagation of stall, first without and then with control, and then a surgecycle, without and with control (in Figure 7). The parameter values are the same as in[6]. A comparison between these simulations and those in [7] and [6] show that there isnow difference between the solutions of the New Model 1 and the viscous Moore-Greitzerequations with or without basic control, see [6] and [8]. In these figures the stall cell isseen in the plot of the deviation from the mean flow plotted as a function of angle andtime, and the pressure is plotted against the mean flow on a separate plot. The conclusionof this simulation is that the term ∂ϕ
 ∂θmakes only a slight quantitative and no qualitative
 difference.
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 Figure 6: The deviation from the mean flow and the pressure as a function of mean flowwhen the initiation of a stall cell is quenched by control.
 Next we will simulate a more general form of the new model (9.18), in a modified formof the equations (12.2) that we will call the New Model 2:
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 Figure 7: The pressure as a function of mean flow during a surge cycle and (on right) thecontrol of the surge.
 New Model 2
 ∂ϕ
 ∂τs= ν(
 ∂ϕ
 ∂θ+ b
 ∂Φ
 ∂r)
 (
 ∂2ϕ
 ∂θ2
 )
 − 1
 2
 ∂ϕ
 ∂θ+
 1
 lc
 (
 ψc −1
 2π
 ∫ 2π
 0
 ψcdθ
 )
 ∂Φ
 ∂τs= a
 ∂Φ
 ∂r
 1
 r
 ∂
 ∂r
 (
 r∂Φ
 ∂r
 )
 +1
 lc
 (
 1
 2π
 ∫ 2π
 0
 ψcdθ − Ψ
 )
 ∂Ψ
 ∂τs=
 1
 4lcB2(Φ − γ sgn(Ψ)
 √
 | Ψ |)
 (14.8)
 In this model we have ignored the radial derivative of the deviation ϕ assuming that itis small compared to the radial derivative of the mean flow Φ. The parameter values arethe same as in [6], except for the new parameters a = 0.001, b = 0.5. The solutions ofthese equations are more complicated that the solutions of the viscous Moore-Greitzerequations (1.1). Firstly, they depend on the radial direction in the compressor as shownin Figure 8. This figure shows the mean flow as a function of radius and time (left) andthen a stall cell as a function of angle and radius for a fixed time (right). We see thatthe mean flow has radial dependance increasing at the outer boundary and the stall cell,while being reasonably uniform in the radial directions develops spatial oscillations in itsangular wings. In comparison the wings of the Moore-Greitzer stall cell are uniform. Theviscous Moore-Greitzer stall cell (left) is compared with a cut of the stall cell of NewModel 2 (right) at r = 1 in Figure 9. Secondly, it is clear from Figure 9 that the stall cellof the New Model 2 is a much more complicated and higher dimensional phenomenon thanthe stall cell of the viscous Moore-Greitzer equations (or New Model 1). Not surprisinglyit is also much harder to control.
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 Figure 8: The mean flow as a function of time and radius and the deviation from themean flow, at a fixed time during the stall cycle, for the New Model 2.
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 Figure 9: The viscous Moore-Greitzer stall cell (left) compared with a section of the stallcell of the New Model 2 (right).
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A complete numerical analysis of the new model (9.18) is more complicated and will bedone in another publication. In particular one has to include the equations determiningthe fluctuations in the swirl and its instabilities.
 15 Conclusion
 A homogenization of the incompressible Navier-Stokes equations assuming a stochastichomogenization theorem gives a derivation of the viscous Moore-Greitzer equations. Amore general system of equations was obtained containing the viscous Moore-Greitzerequations as a special case. This more general system of the equations called the NewModel (9.18) give a much better description of the flow through the compressor and theinstabilities surge and stall in that flow. In addition equations are obtained describing theswirl of the flow that is the only spatial structure of the flow that persists in the plenum.
 A full numerical analysis of the New Model (9.18) remains to be done but specialcases that arise when the swirl is ignored and certain approximations implemented giverespectively agreement with the viscous Moore-Greitzer model (New Model 1 (14.7)) anda generalization of it (New Model 2 (14.8)), revealing more complicated structure of stalland implying that stall is harder to control than previously known. The New Model (9.18)opens the prospect of a complete controllability of instabilities in the compressor and theextension of active control of flow and combustion in whole jet engine, including controlof thermoacoustic instabilities in the plenum and afterburners.
 The New Model 2 (14.8) seems to be a better description of what actually goes onin the compressor than the viscous Moore-Greitzer equations (1.1) and more useful indesigning controls that can be implemented in real time. It is likely that the full NewModel (9.18) will give even more information and more effective control methods.
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A The Global Equations
 The ǫ1 terms in the asymptotic expansion (4.1) give us the global slow time Navier-Stokesequation:
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 This system describes the velocity field in both the large and the small scales.
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B The Eddy Viscosity Tensor
 The eddy viscosity coefficients for the equations (7.6),(7.8) and (7.10) in Section 7 are:
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