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Abstract

Associated with the vector space Rp+q with metric g of
signature(p, q) is its Clifford algebra, denoted Clp,q. Inside
Clp,q lie the groupsPin(p, q) and Spin(p, q), which double cover
O(p, q) and SO(p, q), re-spectively. We focus on two issues which
seem to be neglected in thestandard literature. The first is when
Clp,q, Pin(p, q), and Spin(p, q)are isomorphic to Clq,p, Pin(q, p),
and Spin(q, p). While a partialanswer can be given implicitly by
the representations of the variousalgebras, our arguments are based
purely on the Clifford algebra struc-ture. In the second section we
construct natural bilinear forms on thespace of spinors such that
vectors are self-adjoint (up to sign). Theseforms are preserved (up
to sign) by the Pin and Spin groups. Withthe Clifford action of
k-forms, 0 ≤ k ≤ p + q, on spinors, the bilinearforms allow us to
relate spinors with elements of the exterior algebra.We then find
some curious identities involving the norms of variousforms.
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1 Introduction

Clifford algebras are geometric algebras and can be seen as
generalizations ofthe real numbers, complex numbers, and
quaternions (the free real algebraon three variables i, j, k modulo
the relations i2 = j2 = k2 = ijk = −1). Assuch, they have been very
influential in the formulation of modern physicaltheories. For
example the Dirac equation, which was the first successful
de-scription of the electron compatible with both special
relativity and quantummechanics, is a differential equation
involving the elements of the Clifford al-gebra associated with the
metric signature (+ − − −).

1.1 Constructing the Clifford algebra

We wish to extend a real vector space with a bilinear form into
an algebraby defining a notion of multiplication in a suitable way.
Here, an algebra isvector space and a ring with identity.
Additionally, we want multiplicationof vectors to relate in some
way to the geometric structure of the space givenby the bilinear
form. This motivates the following definition:

Definition 1.1. Given a vector space V over the field F with a
bilinear formg, its Clifford algebra, Cl(V), is the free algebra on
V modulo

v2 = g(v, v). (1)

More formally, we can construct Cl(V ) by quotienting out from
the tensoralgebra, T (V ), the (two-sided) ideal generated by all
elements of the formv ⊗ v − g(v, v), for v ∈ V .

Replacing v by v + w in (1) and expanding yields

vw + wv = 2g(v, w), (2)

from which we see that two vectors anti-commute if and only if
they areorthogonal.

We denote the vector space Rp+q with metric signature (+ + . .
.+︸ ︷︷ ︸p−times

−− . . .−︸ ︷︷ ︸q−times

)

by Rp,q. This space will be the sole focus of our work. Further,
we abbreviate
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Cl(Rp,q) by Clp,q. We identify Rp,q with the image of the
natural inclusionmap Rp+q ↪→ Clp,q.

If {e1, . . . , en} is an orthonormal basis for Rp,q then by (1)
and (2) theseelements generate Clp,q with the rules:

e2i =

{1 if 1 ≤ i ≤ p−1 if p+ 1 ≤ i ≤ p+ q

andeiej = −ejei if i 6= j.

It turns out thatt that any algebra generated by Rp,q which
satisfies (1) isunique and is the Clifford algebra Clp,q, as long
as p− q 6≡ 1 (mod 4). Thesealgebras have dimension 2p+q, a basis
being {ei11 ei22 . . . e

ip+qp+q : ij = 0 or 1}.

If p − q ≡ 1 (mod 4), then it is possible to have an algebra
generated byRp,q and satisfying (1) but with the property that e1e2
. . . ep+q = ±1. Thesealgebras therefore have dimension 2p+q−1.
However, we can get the so-calleduniversal Clifford algebra (of
dimension 2p+q) by taking the direct sum ofthese two algebras [2]
[3].

As the above discussion hints, the element e1e2 . . . ep+q is of
special interest. Itis called the pseudoscalar and is denoted by γ.
Though the e′is are obviouslybasis dependent, γ is canonical in
that it remains unchanged (up to sign)under any orthogonal
transformation [1]. We see that

γ2 = (−1)(p+q−1)+(p+q−2)+...+1p+q∏i=1

e2i

= (−1)(p+q−1)(p+q)

2+q

= (−1)(p+q)2+q−p

2 (3)

and

γu =

{uγ iff p+ q is odd or u is even

−uγ iff p+ q is even and u is odd.(4)

In constructing isomorphisms and representations of Clifford
algebras, wewill be implicitly using the following universal
property of Clifford algebras:
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Theorem 1.1. Let A be a real algebra and j : Rp,q → A be linear
and havethe property that j(v)2 = g(v, v)1A for all v ∈ Rp,q, where
1A is the identityelement of A. Then there exists a unique
homomorphism h : Clp,q → A suchthat h(v) = j(v).

The function h is given by

h

(c0 +

∑i

ciei1 . . . eik

)= c0 +

∑i

cij(ei1) . . . j(eik)

where ci ∈ R.Clp,q has a graded structure provided by the
involution α, induced by v 7→ −vfor v ∈ Rp,q. We define Cl0p,q = {u
∈ Clp,q : α(u) = u}. It is not hard toverify that Cl0p,q is a
subalgebra of Clp,q, called the even algebra, of
dimension2p+q−1.

1.2 The Clifford Group

Suppose u is an invertible element in Clp,q such that ρu(v) =
uvα(u−1) ∈ Rp,q

for all v ∈ Rp,q. Then ρu is an orthogonal (i.e. preserves g)
automorphism ofRp,q. To see this, note that the inverse of ρu is
ρu−1 and

g(ρu(v), ρu(v)) = ρu(v)ρu(v)

= −α(ρu(v))ρu(v)= −α(uvα(u−1))(uvα(u1))=
−α(u)α(v)u−1uvα(u−1)

= α(u)(v2)α(u−1)

= α(u)g(v, v)α(u−1)

= g(v, v).

The set of all such u ∈ Clp,q forms a group called the Clifford
Group, and isdenoted by Γp,q. Define Γ

0p,q = Γp,q ∩ Cl0p,q

Let u ∈ Rp,q not be null (i.e. g(u, u) 6= 0). Then, by 1, u has
inverseu

g(u,u). Further, we see that ρu(u) = uuα(

ug(u,u)

= −u and, if g(u, v) =0, ρu(v) = uvα(u

−1) = −uvu−1 = vuu−1 = v. Therefore u ∈ Γp,q andρu represents a
reflection in the hyperplane perpendicular to u. Since any
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orthogonal transformation is a composition of reflections, we
see that themap Γp,q → O(p, q), u 7→ ρu is surjective. Furthermore,
we claim that themap is actually a homomorphism with kernel R. It
can easily be verifiedthat the map is a homomorphism. To see that
its kernel is R, suppose thatρu(v) = v for all v ∈ Rp,q. Then, for
v ∈ Rp,q, we have

uvα(u−1) = v

uv = vα(u).

Put u = u0+u1 with u0 ∈ Γ0p,q and u1 ∈ Γp,q\Γ0p,q. Then since
α(u0) = u0 andα(u1) = u1 we have u0v = vu0 and u1v = −vu1. We need
to show that u0 ∈ Rand u1 = 0. Assume that u0 /∈ R, then there
exists a basis element ei1 . . . ei2kon which u0 has a non-zero
component. Then (ei1 . . . ei2k)ei1 = −e2i1ei2 . . . ei2kbut
ei1(ei1 . . . ei2k) = e

2i1ei2 . . . ei2k since ei1 must pass an odd amount of el-

ements with which it anti-commutes. Contradiction. A similar
argumentshows that u1 = 0.

The above result also tells us that Γp,q is the group generated
by non-nullvectors: since any orthogonal transformation is a
product of reflections, forany u ∈ Γp,q there exist v1, . . . , vn
∈ Γp,q such that ρu = ρv1...vn . But sincethe map u 7→ ρu is
injective up to scale, we have that u = kv1 . . . vn forsome k ∈ R.
Note that the restriction of the homomorphism to Γ0p,q gives
asurjective homomorphism to SO(p, q).

1.3 Pin(p, q) and Spin(p, q)

To limit the kernel of the homomorphism u 7→ ρu from Γp,q(Γ0p,q)
to O(p, q)(SO(p, q)), we define the Pin (Spin) group:

Pin(p, q) = {v1v2 . . . vn|g(vi, vi) = ±1 for all i}

Spin(p, q) = Pin(p, q) ∩ Cl0p,q.The maps Pin(p, q) → O(p, q) and
Spin(p, q) → SO(p, q), u 7→ ρu, are nowsurjective homomorphisms
with kernel {1,−1}.

1.4 Representations of Clifford Algebras

We can always represent Clp,q as the set of all n× n matrices
with entries inR,C, or H (the quaternions). We denote the set of
all n × n matrices with
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entries in F by F[n]. The representation space, i.e. Fn is
called the space ofspinors. If p− q 6= 1 (mod 4), then the
representation is unique. If p− q = 1(mod 4), then there are two
inequivalent representations; one has γ = 1 andthe other has γ =
−1. Furthermore we can always chose our representationssuch that
e†i = ei iff e

2i = 1 and e

†i = −e

†i iff e

2i = −1, where † is the conjugate

transpose.

The full matrix algebra that Clp,q is isomorphic to is
determined by thequantity τ = q − p− 1 mod 8:

Clp,q '

R[2[p+q]/2] if τ =5,6, or 7H[2[p+q]/2−1] if τ =1,2, or
3C[2p+q−1/2] if τ =0, or 4

,

where [p + q] denotes the integer part of p + q. We say that
Clp,q is typeF if it is isomorphic to a full matrix algebra with
entries in F (F = R,C or H).

Given a representation of Clp,q on Cn, we can get a
representation on R2n by

replacing i with

(0 −11 0

)and 1 with

(1 00 1

). Note that although Clp,q

is isomorphic to a proper subalgebra of R[2n], the spin spaces,
Cn and R2n,are isomorphic as real vector spaces. Similarly, if we
have a representation of
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Clp,q on Hn, we can get a representation on R4n by making the
replacements

i→

0 1 0 0−1 0 0 00 0 0 −10 0 1 0

j →

0 0 1 00 0 0 1−1 0 0 00 −1 0 0

k →

0 0 0 10 0 −1 00 1 0 0−1 0 0 0

1→

1 0 0 00 1 0 00 0 1 00 0 0 1

.Representations are built up from lower dimensional
representations usingidentities we will derive in later sections
and tensor products of matrices.For example, Clp,q ' Clp−1,q−1 ⊗
R[2]. To see this let {ei} be the standard

generators for Clp−1,q−1. Put A =

(0 11 0

), B =

(0 −11 0

), and C =(

−1 00 1

). We have that A2 = −B2 = C2 = 1, AB = −BA, AC = −CA,

and BC = −CB. Therefore, {ei ⊗ A} ∪ {I ⊗ C, I ⊗ B} generate
Clp,q.Additionally, a form of Bott periodicity states that Clp,q+8
' Clp,q ⊗ R[16].Upon seeing that Cl0,8 ' R[16], we can prove this
as follows: let {ei} and{Ei} generate Clp,q and Cl0,8,
respectively. Let γ be the Cl0,8 pseudoscalarand note that γ2 = 1
(3) and γ anti-commutes with Ei (4). Then it is easilyseen that {ei
⊗ γ, 1⊗ Ei} generate Clp,q+8.
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2 Space and Time Symmetry on the Clifford

Algebra Level

From a purely geometric standpoint, there is no difference
between Rp,q andRq,p. Indeed, O(p, q) and SO(p, q) are naturally
isomorphic to O(q, p) andSO(q, p), respectively. However, the
relationship with Clp,q and Clq,p is notimmediately evident. We
will see however, that Clp,q ' Clq,p and Pin(p, q) 'Pin(q, p) if
and only if p− q ≡ 0 (mod 4) and that Spin(p, q) and Spin(q, p)are
always isomorphic.

2.1 Cl0p,q and Cl0q,p and Spin(p, q) and Spin(q, p)

We begin by proving the following proposition.

Proposition 2.1. Clp,q−1 ∼= Cl0p,q ∼= Clq,p−1, assuming for the
first isomor-phism that q ≥ 1 and for the second isomorphism that p
≥ 1.

Proof. Let {ei} and {Ei} be standard generators for Clp,q−1 and
Clp,q respec-tively. We claim that the map ϕ from Cl0p,q to
Clp,q−1, defined on generatorsby, where i < j,

EiEj 7→

{ei if j = p+ q

eiej otherwise

is an isomorphism. To check that it is a homomorphism, it is
sufficient,because of the universal property, to verify that the
elements {EiEp+q}anti-commute with each other and that (EiEp+q)

2 = e2i . Indeed, if i 6= jthen we have that (EiEp+q)(EjEp+q) =
−EiEjEp+qEp+q = EjEiEp+qEp+q =−(EjEp+q)(EiEp+q) and (EiEp+q)2 =
EiEp+qEiEp+q = −E2iE2p+q = e2i . Itremains to show that ϕ is a
bijection. Since ϕ is a linear map of finite di-mensional vector
spaces of the same dimension, it is a bijection if and onlyif it is
a surjection. We can easily see that ϕ is surjective since all of
thegenerators of Clp,q−1 are in im(ϕ).

Let {ei} be the standard generators for Clq,p−1 and let {Ei} be
anti-commutinggenerators for Cl0p,q where we break convention by
having:

E2i =

{−1 if 1 ≤ i ≤ q1 if q + 1 ≤ i ≤ p+ q.
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Thus e2i = −E2i for 1 ≤ i ≤ q + p − 1. By the same argument as
before, wesee that the map ϕ : Cl0p,q → Clq,p−1 defined on
generators by

EiEj 7→

{ei if j = p+ q

eiej otherwise

is an isomorphism.

Corollary 2.1. Cl0p,q∼= Cl0q,p.

Proof. One of p, q must be non-zero (Cl0,0 is not a very
interesting algebra).Without loss of generality we can assume that
p 6= 0. Then from the previoustheorem we have that Cl0p,q

∼= Clq,p−1. But we also have from the abovetheorem that Clq,p−1
∼= Cl0q,p. Thus we have that Cl0p,q ∼= Cl0q,p.

Though we now know that Clp,q ' Clq,p, we construct an
isomorphism fromCl0p,q to Cl

0q,p by composing the isomorphism from Cl

0p,q to Clp,q−1 with the

isomorphism from Clp,q−1 to Cl0q,p. We do this to then show that
it the map

restricts to an isomorphism of the Spin groups.

Let {ei} be standard generators for Clp,q and {Ei} be generators
for Clq,pwhere E2i = −e2i . Also let g and ḡ be the metrics on
Clp,q and Clq,p, respec-tively. By composing the type of maps
constructed in the previous corollary,we get an isomorphism θ :
Cl0p,q → Cl0q,p,

eiej 7→ EiEj (5)

Note that (5) holds even when i = j since e2i = −E2i . Denote
the restrictionof θ to Spin(p, q) by θ|s. To see that θ|s maps into
Spin(q, p), it is sufficientto check that a product of two unit
vectors maps to a product of two unitvectors, for then the fact
that θ|s is a group homomorphism (since θ is analgebra
homomorphism) will establish that the image of a product of anyeven
amount of unit vectors in Spin(p, q) is a product of an even
amountof unit vectors in Spin(q, p). Thus let u =

∑i uiei and v =

∑i viei be unit
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vectors in Rp,q. Then

θ(uv) = θ

((∑i

uiei

)(∑j

viei

))

= θ

(∑i,j

uivjeiej

)=

∑i,j

−uivjEiEj

=

(∑i

−uiEi

)(∑j

vjEj

)

is a product of two unit vectors since ḡ (∑

i−uiEi,∑

i−uiEi) = −g(u, u) =±1 and ḡ

(∑j vje

′j,∑

j vje′j,)

= −g(v, v) = ±1. Besides showing that θ|smaps into Spin(q, p),
the above calculation makes it clear that θ|s is sur-jective.
Finally, θ|s is injective since θ is injective. This establishes
thatSpin(p, q) ∼= Spin(q, p).

One may think that since Spin(p, q) ∼= Spin(q, p), a similar
type of argumentcan establish that Pin(p, q) ∼= Pin(q, p). However,
in the next section weshow that this is not generally true.

2.2 Clp,q and Clq,p and Pin(p, q) and Pin(q, p)

We begin by proving the only affirmative case for Clp,q '
Clq,p.

Theorem 2.1. If q − p ≡ 0 (mod 4) then Clp,q ∼= Clq,p.

Proof. Let {ei} be the standard generators for Clp,q and let
{Ei} be gener-ators for Clq,p such that E

2i = −e2i . Since 4|(q − p), q − p is even so that

p+q = q−p+2p is even. Therefore 4 | (p+q)2 so that 4 | ((p+q)2
+q−p)⇒(p+q)2+q−p

2is even. Thus, by (3) we see that γ =

∏iEi squares to the identity.

We claim that the map φ : Clp,q → Clq,p given on generators
by

φ(ei) = γEi

extends to an isomorphism. To see that φ is a bijection, we note
that since φis a linear map between two finite dimensional vector
spaces with the same
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dimension, it is a bijection if and only if it is a surjection.
Indeed, the mapis surjective since for any generator Ei of Clq,p,
im(φ) contains∏

j 6=i

γEj = ±γp+q−1∏j 6=i

Ej

= ±γp+q−2γ∏j 6=i

Ej

= ±γ∏j 6=i

Ej

= ±Ei

where the third equality follows from the (crucial) fact that p
+ q is even.Finally, to show that φ is an isomorphism it is
sufficient, by the universalproperty, to show that the elements
{γEi} obey the same Clifford relationsas {ei}, i.e. they
anti-commute with each other and p of them square tothe identity
and q of them square to negative the identity. Since γ
anti-commutes with each Ei by (4), for i 6= j we have that
(γEi)(γEj) = γEjEiγ =−(γEj)(γEi). Lastly, note that (γEi)2 = γEiγEi
= −γ2E2i = −E2i = e2i .

Corollary 2.2. If q− p ≡ 0 (mod 4) then Pin(p, q) ∼= Pin(q, p),
an isomor-phism being the restriction of φ (as above) to Pin(p,
q).

Proof. As before, let {ei} and {Ei} be generators for Clp,q and
Clq,p respec-tively. Let g and ḡ be the metrics on Clp,q and
Clq,p, respectively, and letφ|p be the restriction of φ to Pin(p,
q). Since Pin(p, q) is made up of unitvectors, we need only check
that φ|p maps unit vectors to products of unitvectors and that any
unit vector in Clq,p is in im(φp).

Let v =∑

i viei be a unit vector in Rp,q, i.e. g(v, v) = ±1. Then we
havethat

φ|p(v) =∑

i

viγEi = γ

(∑i

viEi

).

But γ is obviously a product of unit vectors and∑

i viei is a unit vector since

ḡ

(∑i

viEi,∑

i

viEi

)= −g(v, v) = ∓1.

12


	
Thus φ(v) is a product of unit vectors and so is in Pin(q,
p).

Finally, to see that any unit vector in Pin(q, p) is in im(φp),
we first considerφ|p(γ′) where γ′ =

∏p+qi=1 ei. Since γ and Ei anti-commute by (4) and γ

2 = 1by (3) we have

φ|p(γ′) =p+q∏i=1

γEi

= (−1)(p+q)/2γp+qp+q∏i=1

Ei

= (−1)(p+q)/2p+q∏i=1

Ei

= ±γ

where the third equality follows from the fact that γp+q = 1
since p + q =p− q + 2q is even. Now let u =

∑i uiEi be a unit vector in Pin(q, p). Then

u′ =∑

i uiei ∈ Pin(p, q) (since g = −ḡ) and

φ|p(γ′u′) = φ|p(γ′)φ(u′)

= ±γ∑

i

uiγEi

= ±γ2∑

i

uiEi

= ±u.

Theorem 2.2. If p− q ≡ 1 or 3 (mod 4) then Clp,q 6∼= Clq,p and
Pin(p, q) 6∼=Pin(q, p).

Proof. Note that we need only prove this when p − q ≡ 1 (mod 4).
For sayit holds for p − q ≡ 1 (mod 4) and we have that p − q ≡ 3
(mod 4). Thenq − p ≡ 1 (mod 4) so that Clq,p 6∼= Clp,q.

Let p − q ≡ 1 (mod 4). Then q − p ≡ 3 (mod 4). We also have
thatp + q = p − q + 2q is odd since p − q is odd. Thus p + q is
congruent to
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either 1 or 3 modulo 4. In either case, we have that (p + q)2 ≡
1 (mod 4)so that (p + q)2 + q − p ≡ 0 (mod 4). Thus from (3) we
have that γ2 = 1,where γ is the pseudoscalar in Clp,q. However, (p+
q)

2 + p− q ≡ 2 (mod 4)so that the pseudoscalar γ′ in Clq,p squares
to -1. Since p+ q is odd, we seefrom (4) that γ ∈ Z(Clp,q) and γ̄ ∈
Z(Clq,p). Additionally, it is not hard tosee that Z(Clp,q) = {a +
bγ : a, b ∈ R} and Z(Clq,p) = {a + bγ′ : a, b ∈ R}However, these
centers are certainly not isomorphic since the latter containsan
element (γ′) which squares to -1 but the former does not. Since the
cen-ters are not isomorphic, neither are the algebras. The same
argument worksto show that Pin(p, q) 6∼= Pin(q, p) since Z(Pin(p,
q)) = {γ,−γ, 1,−1} andZ(Pin(q, p)) = {γ′,−γ′, 1,−1}.

For the last case, p− q ≡ 2 (mod 4), there seems to be no
natural argumentand we are forced to appeal to representations of
Clifford algebras. By Bottperiodicity, we can know the type (R,C,
or H) of a Clifford algebra by know-ing the types of Clp,q for 0 ≤
p, q ≤ 8. Such tables can be found throughoutthe literature [3] and
[2]. There we see that the types for Clp,q and Clq,p areindeed
different if p − q ≡ 2 (mod 4). The question now becomes how dowe
know, for example, that R[4] 6' H[2]? After all, they are
isomorphic as(real) vector spaces. To show that they are not
isomorphic as algebras, weconsider minimal left ideals.

Since the product of a matrix with a rank one matrix has rank at
most one,any minimal left ideal of F[n] is generated by one rank
one matrix. Let Ibe the ideal generated by the rank one matrix M
and let v be a non-zerocolumn vector of M . We claim that the map
AM 7→ Av gives a vector spaceisomorphism from I to Fn. Clearly the
map is linear and it is surjective sincefor any non-zero vector w ∈
Fn, there exists a matrix A such that Av = w.To see that it is
injective, suppose that Av = 0. Since M has rank one, allcolumn
vectors are multiples of v. Thus A maps each column vector to 0,
sothat AM = 0. Since I is isomorphic to Fn, any minimal left ideal
has realdimension n dimR F.

Now suppose that F1[n] and F2[m] have the same real dimension.
Thenn2 dimR F1 = m2 dimR F2. If they are isomorphic then their
minimal left ide-als must also be isomorphic and, in particular,
must have the same dimension.Therefore we must also have that n
dimR F1 = m dimR F2. Dividing these twoequations gives n = m which
further implies that dimR F1 = dimR F2. Since
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Fi is either R,C, or H, we must have that F1 = F2.

This shows that for p − q ≡ 2 (mod 4), Clp,q 6' Clq,p, but what
about thePin groups? Since Clp,q is isomorphic to a matrix algebra,
Pin(p, q) must beisomorphic to a group that is a subset of the
matrix algebra. Since Pin(p, q)contains all of the generators for
the algebra, if it were isomorphic to Pin(q, p)then we could
represent Clq,p and Clp,q on the same space. However, sinceClq,p
and Clp,q have the same dimensions, it would then follow that they
areisomorphic.

3 Bilinear Forms on Spinors

Bilinear forms on spinors are discussed in [2] but from a
different perspective.Our approach is to look for bilinear forms on
the space of spinors, S, suchthat vectors are self-adjoint, up to
sign. That is, a bilinear function (·, ·) :S × S → R such that

(φ, vψ) = ±(vφ, ψ) (6)

for all v ∈ Rp,q, φ, ψ ∈ S. The form can be represented as (φ,
ψ) 7→ φ†Aψ,where A ∈ Clp,q. The condition (6) then becomes

Av = ±v†A

for all v ∈ Rp,q. If 1 ≤ i ≤ p then e†i = ei and if p + 1 ≤ i ≤
p + q thene†i = −ei. Therefore we must have that

Aei =

{±eiA if 1 ≤ i ≤ p∓eiA if p+ 1 ≤ i ≤ p+ q

.

PutA =

∑I⊆{1,2,...,p+q}

AIeI .

Since ei either commutes or anti-commutes with each eI , if AI
6= 0 then wemust have that

eIei =

{±eieI if 1 ≤ i ≤ p∓eieI if p+ 1 ≤ i ≤ p+ q
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It follows that if AI 6= 0 then eI must be either e1e2 . . . ep
or ep+1ep+2 . . . ep+q.Thus A is, up to scale, either e1e2 . . . ep
or ep+1ep+2 . . . ep+q. We denote theformer element by γp and the
latter by γq. We define two real bilinear forms

(φ, ψ)+ = Re(φ†γpψ)

(φ, ψ)− = Re(φ†γqψ).

We see that

γ2p = (e1e2 . . . ep)(e1e2 . . . ep) =
(−1)(p−1)+(p−2)+...+1e21e22 . . . e2p = (−1)p(p−1)/2

and, similarly,

γ2q = (−1)q(q−1)/2(−1)q = (−1)q(q+1)/2.Thus (·, ·)+ is symmetric
if p = 0 or 1 (mod 4) and anti-symmetric if p = 2 or3 (mod 4) and
(·, ·)− is symmetric if q = 0 or 3 (mod 4) and anti-symmetricif p =
1 or 2 (mod 4).

Given any vector v ∈ Rp,q, we can put v = v++v−, with v+ ∈
span{e1, e2, . . . ep}and v− ∈ span{ep+1, ep+2, . . . , ep+q}. We
then have

(φ, vψ)+ = φ†γp(v+ + v−)ψ

= φ†((−1)p+1v+ + (−1)pv−)γpψ= φ†((−1)p+1v†+ + (−1)p+1v

†−)γpψ

= (−1)p+1(vφ, ψ)+. (7)A similar calculation yields

(φ, vψ)− = (−1)q(vφ, ψ)−. (8)Recall that the action of the Pin
and Spin groups on vectors preserves themetric. We also see that
the action of the pin and spin groups on spinors(which is just left
multiplication) preserves (·, ·)± up to sign:

(uφ, uψ)± = ±(φ, ψ)±,for all u ∈ Pin(p, q), φ, ψ ∈ S. This is
evident from (7), (8), and the factthat for u ∈ Pin(p, q), uũ =
±1. We can define a subgroup Pin+(p, q) ofPin(p, q) by

Pin+(p, q) = {u ∈ Pin(p, q) : uũ = 1}.Then we see that the
action of Pin+(p, q) on spinors preserves (·, ·)+ if p isodd and
preserves (·, ·)− if q is even. Furthermore, Spin+(p, q) = Pin+(p,
q)∩Spin(p, q) always preserves (·, ·)±.
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3.1 Relations Between Spinors and Forms

Denote the exterior algebra on Rp,q by Λ(Rp,q). The metric g on
Rp,q inducesa metric on Λ(Rp,q) by

g(ei1ei2 . . . eim , ej1ej2 . . . ejn) =∏ik=jl

g(eik , ejl).

We can use the bilinear forms to associate an element v in the
dual space ofΛ(Rp,q) with spinors φ, ψ by

v(u) = (φ, uψ)±, u ∈ Λ(Rp,q).

Since the metric provides an identification of forms with dual
forms, wecan associate two spinors with an element of Λ(Rp,q).
Denote the k-formassociated to the spinors φ, ψ using (·, ·)± by
vk±. Under this identification,the component of vk± along ei1 ∧ ei2
∧ . . . ∧ eik is (φ, ei1ei2 . . . eikψ)± and

g(vk±, vk±) =

∑1≤i1


	
3.2.1 Real Clifford algebras

We first consider the real corner algebras (non-universal
Clifford algebraswhere γ = ±1) up to dimension 13, from which we
can derive identities inthe subordinate algebras. Recall that for
corner algebras γp = ±γq so thatthere is only one bilinear form,
which we denote by (·, ·). We denote thek − form which acts on a k
− form u as (φ, uψ) as vk.

• Cl3,2:

2g(v, v) + g(v2, v2) = 0

−(φ, ψ)2 + g(v, v) = 0

• Cl4,3 and Cl0,7:

3g(v, v) + g(v2, v2) = 0

−7(φ, ψ)2 + 4g(v, v)− g(v3, v3) = 07(φ, φ)(ψ, ψ) + 3g(v, v) +
g(v3, v3) = 0

• Cl9,0, Cl5,4, and Cl1,8:

28g(v, v) + 7g(v2, v2)− 3g(v3, v3)− 2g(v4, v4) = 0−6(φ, ψ)2 +
6g(v, v) + g(v2, v2)− g(v3, v3) = 0

−24(φ, φ)(ψ, ψ) + 24g(v, v) + 7g(v2, v2)− g(v3, v3) = 0

• Cl10,1, Cl6,5, and Cl2,9:

−5(φ, ψ)2 + 5g(v, v) + g(v2, v2)− g(v3, v3) = 075g(v, v) +
21g(v2, v2)− 16g(v3, v3)− 5g(v5, v5) = 0

15g(v, v) + 3g(v2, v2)− 2g(v3, v3)− g(v4, v4) = 0
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• Cl11,2, Cl7,6, and Cl3,10:

30g(v, v) + 5g(v2, v2)− 5g(v3, v3)− 2g(v4, v4) = 060g(v, v) +
21g(v2, v2)− 21g(v3, v3)− 4g(v5, v5) = 0

32g(v, v) + 9g(v2, v2)− 7g(v3, v3) + g(v6, v6) = 0−4(φ, ψ)2 +
4g(v, v) + g(v2, v2)− g(v3, v3) = 0

From the identities on corner algebras, we can get identities on
the subor-dinate algebras. Consider the corner algebra Clp,q,
generated by {ei|1 ≤i ≤ p + q}. To pass to Clp,q−1 we use
generators {Ei|1 ≤ i ≤ p + q − 1}where Ei = ei. Letting γ be the
pseudoscalar in Clp,q−1, we have thatγ = ±ep+q. Denote by g the
metric on Clp,q, ḡ the metric on Clp,q−1, vk theform (φ, ψ) ∈
Λk(Rp,q), and vk± the form (φ, ()ψ)± ∈ Λk(Rp,q−1). Note that(·, ·)+
= (·, ·) since the γp of the two algebras are the same.

Define

�i1,...,ik = g(ei1 . . . eik , ei1 . . . eik) = e2i1. . .
e2ik

�̄i1,...,im = ḡ(Ei1 . . . Eim , Ei1 . . . Eim) = E2i1. . . E2im
.

Then we have

g(vk, vk) =∑

1≤i1


	
• Cl3,1:

−2(φ, ψ)2− + 2g(v+, v+)− g(v−, v−) + g(v2+, v2+) = 0

−(φ, ψ)2+ − (φ, ψ)2− + g(v+, v+) = 0.

• Cl2,2:

2(φ, ψ)2+ + g(v+, v+) + 2g(v−, v−) + g(v2−, v

2−) = 0

(φ, ψ)2+ − (φ, ψ)2− + g(v−, v−) = 0.

• Cl4,2 and Cl0,6:

−3(φ, ψ)2− + 3g(v+, v+)− g(v−, v−) + g(v2+, v2+) = 0

−7(φ, ψ)2+ − 4(φ, ψ)2− + 4g(v+, v+) + g(v2−, v2−)− g(v3+, v3+) =
0

7(φ, φ)+(ψ, ψ)+ − 3(φ, ψ)2− + 3g(v+, v+)− g(v2−, v2−) + g(v3+,
v3+) = 0.

• Cl3,3:

3(φ, ψ)2+ + g(v+, v+) + 3g(v−, v−) + g(v2−, v

2−) = 0

4(φ, ψ)2+ − 7(φ, ψ)2− + 4g(v−, v−)− g(v2+, v2+)− g(v3−, v3−) =
0

3(φ, ψ)2+ + 7(φ, φ)−(ψ, ψ)− + 3g(v−, v−) + g(v2+, v

2+) + g(v

3−, v

3−) = 0.
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• Cl5,3 and Cl1,7:

−28(φ, ψ)2− + 28g(v+, v+)− 7g(v−, v−) + 7g(v2+, v2+) + 3g(v2−,
v2−)−3g(v3+, v

3+) + 2g(v

3−, v

3−) + 2g(v

4+, v

4+) = 0

−6(φ, ψ)2+ − 6(φ, ψ)2− + 6g(v+, v+)− g(v−, v−) + g(v2+, v2+) +
g(v2−, v2−)− g(v3+, v3+) = 0

−24(φ, φ)+(ψ, ψ)+ − 24(φ, ψ)2− + 24g(v+, v+)− 7g(v−, v−)+7g(v2+,
v

2+) + g(v

2−, v

2−)− g(v3+, v3+) = 0.

• Cl8,0, Cl4,4, and Cl0,8:

28(φ, ψ)2+ + 7g(v+, v+) + 28g(v−, v−)− 3g(v2+, v2+) + 7g(v2−,
v2−)−2g(v3+, v3+)− 3g(v3−, v3−)− 2g(v4−, v4−) = 0

6(φ, ψ)2+ − 6(φ, ψ)2− + g(v+, v+) + 6g(v−, v−)− g(v2+, v2+) +
g(v2−, v2−)− g(v3−, v3−) = 0

−24(φ, φ)−(ψ, ψ)− + 24(φ, ψ)2+ + 7g(v+, v+) + 24g(v−, v−)−g(v2+,
v2+) + 7g(v2−, v2−)− g(v3−, v3−) = 0.

• Cl10,0, Cl6,4, and Cl2,8:

−5(φ, ψ)2+ − 5(φ, ψ)2− + 5g(v+, v+)− g(v−, v−) + g(v2+, v2+) +
g(v2−, v2−)− g(v3−, v3−) = 0

−75(φ, ψ)2− + 75g(v+, v+)− 21g(v−, v−) + 21g(v2+, v2+) +
16g(v2−, v2−)−16g(v3+, v3+) + 5g(v4−, v4−)− 5g(v5+, v5+) = 0

−15(φ, ψ)2− + 15g(v+, v+)− 3g(v−, v−) + 3g(v2+, v2+) + 2g(v2−,
v2−)−2g(v3+, v3+) + g(v3−, v3−)− g(v4+, v4+) = 0.
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• Cl9,1, Cl5,5, and Cl1,9:

5(φ, ψ)2+ − 5(φ, ψ)2− + g(v+, v+) + 5g(v−, v−)− g(v2+, v2+) +
g(v2−, v2−)− g(v3−, v3−) = 0

75(φ, ψ)2+ + 21g(v+, v+) + 75g(v−, v−)− 16g(v2+, v2+) + 21g(v2−,
v2−)−16g(v3−, v3−)− 5g(v4+, v4+)− 5g(v5−, v5−) = 0

15(φ, ψ)2+ + 3g(v+, v+) + 15g(v−, v−)− 2g(v2+, v2+) + 3g(v2−,
v2−)−g(v3+, v3+)− 2g(v3−, v3−)− g(v4−, v4−) = 0.

• Cl11,1, Cl7,5, and Cl3,9:

−30(φ, ψ)2− + 30g(v+, v+)− 5g(v−, v−) + 5g(v2+, v2+) + 5g(v2−,
v2−)−5g(v3+, v3+) + 2g(v3−, v3−)− 2g(v4+, v4+) = 0

−60(φ, ψ)2− + 60g(v+, v+)− 21g(v−, v−) + 21g(v2+, v2+) +
21g(v2−, v2−)−21g(v3+, v3+) + 4g(v4−, v4−)− 4g(v5+, v+5) = 0

−32(φ, ψ)2− + 32g(v+, v+)− 9g(v−, v−) + 9g(v2+, v2+) + 7g(v2−,
v2−)−7g(v3+, v

3+)− g(v5−, v5−) + g(v6+, v6+) = 0

−4(φ, ψ)2+ − 4(φ, ψ)2− + 4g(v+, v+)− g(v−, v−) + g(v2+, v2+) +
g(v2−, v2−)− g(v3+, v3+) = 0.
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• Cl10,2, Cl6,6, and Cl2,10:

30(φ, ψ)2+ + 5g(v+, v+) + 30g(v−, v−)− 5g(v2+, v2+) + 5g(v2−,
v2−)−2g(v3+, v3+)− 5g(v3−, v3−)− 2g(v4−, v4−) = 0

60(φ, ψ)2+ + 21g(v+, v+) + 60g(v−, v−)− 21g(v2+, v2+) + 21g(v2−,
v2−)−21g(v3−, v3−)− 4g(v4+, v4+)− 4g(v5−, v5−) = 0

32(φ, ψ)2+ + 9g(v+, v+) + 32g(v−, v−)− 7g(v2+, v2+) + 9g(v2−,
v2−)−7g(v3−, v3−) + g(v5+, v5+) + g(v6−, v6−) = 0

4(φ, ψ)2+ − 4(φ, ψ)2− + g(v+, v+) + 4g(v−, v−)− g(v2+, v2+) +
g(v2−, v2−)− g(v3−, v3−) = 0.

Since (·, ·)+ is symmetric if p = 0 or 1 (mod 4) and
anti-symmetric otherwise,we have that

(φ, ψ)+ = (−1)p(p+3)/2(ψ, φ)+.Similarly, since (·, ·)− is
symmetric if q = 0 or 3 (mod 4) and anti-symmetricotherwise, we can
write

(φ, ψ)− = (−1)q(q+1)/2(ψ, φ)−.

Combining this with (7) and (8), we can find the conditions
under whichvk± 6= 0 when φ = ψ (for k ≥ 0):

(φ, ei1 . . . eikφ)+ = (−1)k(p+1)(eik . . . ei1φ, φ)+=
(−1)k(p+1)+k(k−1)/2(ei1 . . . eikφ, φ)+=
(−1)k(p+1)+k(k−1)/2+p(p+3)/2(φ, ei1 . . . eikφ)+

Thus for vk+ to be nonzero it is necessary to have k(p + 1) +
k(k − 1)/2 +p(p+ 3)/2 ≡ 0 (mod 2). This is equivalent to

(k + p)2 − p+ k ≡ 0 (mod 4).

A similar calculation shows that for vk− to be nonzero we
need

(k + q)2 + q − k ≡ 0 (mod 4).

Therefore many of the terms in the above identities vanish when
we specializeto the case where φ = ψ. The simplified identities for
corner algebras are:
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• Cl3,2:g(v2, v2) = 0

• Cl4,3 and Cl0,7:7(φ, φ)2 + g(v3, v3) = 0

• Cl9,0, Cl5,4, and Cl1,8:

14g(v, v)− g(v4, v4) = 0−(φ, ψ)2 + g(v, v) = 0

• Cl10,1, Cl6,5, and Cl2,9:

5g(v, v) + g(v2, v2) = 0

75g(v, v) + 21g(v2, v2)− 5g(v5, v5) = 0

• Cl11,2, Cl7,6, and Cl3,10:

g(v2, v2)− g(v3, v3) = 09g(v2, v2)− 7g(v3, v3) + g(v6, v6) =
0

and for subordinate algebras are:

• Cl3,1:g(v−, v−)− g(v2+, v2+) = 0
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• Cl2,2:g(v+, v+) + g(v

2−, v

2−) = 0

• Cl4,2 and Cl0,6:

−7(φ, φ)2+ + g(v2−, v2−)− g(v3+, v3+) = 0

• Cl3,3:7(φ, φ)2− + g(v

2+, v

2+) + g(v

3−, v

3−) = 0

• Cl5,3 and Cl1,7:

−28(φ, φ)2− + 14g(v+, v+) + g(v3−, v3−) + g(v4+, v4+) = 0(φ,
φ)2+ + (φ, φ)

2− − g(v+, v+) = 0

• Cl8,0, Cl4,4, and Cl0,8:

14(φ, φ)2+ + 14g(v−, v−)− g(v3+, v3+)− g(v4−, v4−) = 0(φ, φ)2+ −
(φ, φ)2− + g(v−, v−) = 0

• Cl10,0, Cl6,4, and Cl2,8:

−5(φ, φ)2− + 5g(v+, v+)− g(v−, v−) + g(v2+, v2+) = 0−75(φ, φ)2−
+ 75g(v+, v+)− 21g(v−, v−) + 21g(v2+, v2+) + 5g(v4−, v4−)− 5g(v5+,
v5+) = 0

• Cl9,1, Cl5,5, and Cl1,9:

5(φ, φ)2+ + g(v+, v+) + 5g(v−, v−) + g(v2−, v

2−) = 0

75(φ, φ)2+ + 21g(v+, v+) + 75g(v−, v−) + 21g(v2−, v

2−)− 5g(v4+, v4+)− 5g(v5−, v5−) = 0

25


	
• Cl11,1, Cl7,5, and Cl3,9:

g(v−, v−)− g(v2+, v2+)− g(v2−, v2−) + g(v3+, v3+) = 0−9g(v−, v−)
+ 9g(v2+, v2+) + 7g(v2−, v2−)− 7g(v3+, v3+)− g(v5−, v5−) + g(v6+,
v6+) = 0

• Cl10,2, Cl6,6, and Cl2,10:

g(v+, v+)− g(v2+, v2+) + g(v2−, v2−)− g(v3−, v3−) = 09g(v+, v+)−
7g(v2+, v2+) + 9g(v2−, v2−)− 7g(v3−, v3−) + g(v5+, v5+) + g(v6−,
v6−) = 0.

3.2.2 Quaternionic Clifford algebras

We consider first the quaternionic corner algebras, from which
we can deduceidentities in the subordinate algebras using the same
argument as the previ-ous section. Recall that if we have a
representation of Clp,q on Hn, we canget a representation on Rn.
Given a type H corner algebra, Clp,q, we can findgenerators for it
using p+q−1 many generators from a type R corner algebrain
dimensions p+q+2. By taking products of the three unused we
generators,we give a quaternionic structure on the spinors of
Clp,q, i.e. three maps I, J,Ksuch that I2 = J2 = K2 = IJK = −1 by
which we can define an action of Hon the space of spinors by
(q0+q1I+q2J+q3K)φ = q0φ+q1Iφ+q2Jφ+q3Kφ.Furthermore, these maps
commute with Clp,q. Lastly, this process is suchthat if E1, . . . ,
Ep+q are generators for Clp,q then there is one of them, Ei,such
that E1, . . . , Ep+q, iEi, jEi, kEi generate the type R
algebra.

In this section ei and Ei will be the generators, (·, ·) and
< ·, · > the scalarproducts, and g and ḡ the metrics for
type R and H algebras, respectively.We denote the m-forms
corresponding to φ, Iψ, φ, Jψ, and φ,Kψ by ivm± ,jvm± , and

kvm± .

Cl0,3 via Cl3,2: E1 = e4, E2 = e5, and E3 = e4e5. Note that
since e1e2e3e4e5 =1, E3 is equal, up to sign, to e1e2e3.
Quaternionic structure is given byI = e1e2, J = e3e1, and K = e2e3.
We see that e1 = KE3, e2 = JE3, e3 =IE3, e4 = E1, e5 = E2. We see
that (where everything is modulo sign)

(φ, ψ) = φte4e5ψ = φtE3ψ =< φ,E3ψ > .
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Therefore

g(v, v) =3∑

i=1

(φ, eiψ)2 −

5∑i=4

(φ, eiψ)2

=< φ, Iψ >2 + < φ, Jψ >2 + < φ,Kψ >2 − <
φ,E1ψ >2 − < φ,E2ψ >2 .

Hence the identity −(φ, ψ)2 + g(v, v) = 0 becomes

< φ, Iψ >2 + < φ, Jψ >2 + < φ,Kψ >2 +ḡ(v, v)
= 0.

We have

g(v2, v2) =∑

1≤i2 + < φ, JE3ψ >

2 + < φ,KE3ψ >2 + < φ,ψ >2

−2∑

i=1

(< φ, IEiψ >2 + < φ, JEiψ >

2 + < φ,KEiψ >2)

So by the Cl3,2 identity 2g(v, v) + g(v2, v2) = 0, we have
that

2 < φ, Iψ >2 +2 < φ, Jψ >2 +2 < φ,Kψ >2 −2
< φ,E1ψ >2 −2 < φ,E2ψ >2

+ < φ, IE3ψ >2 + < φ, JE3ψ >

2 + < φ,KE3ψ >2 + < φ,ψ >2

−2∑

i=1

(< φ, IEiψ >2 + < φ, JEiψ >

2 + < φ,KEiψ >2) = 0

By symmetry, the above equation must be valid if we permute Ei,
Ej, Ek.Thus we get three equations which, when added together,
give

3 < φ,ψ >2 +6 < φ, Iψ >2 +6 < φ, Jψ >2 +6 <
φ,Kψ >2 +

4ḡ(v, v) + ḡ(iv,i v) + ḡ(jv,j v) + ḡ(kv,k v) = 0

If we go down to Cl0,2 then < φ,ψ >+=< φ,ψ > and
< φ,ψ >−=<φ,E3ψ >. Hence

g(v, v) =< φ, Iψ >2 + < φ, Jψ >2 + < φ,Kψ >2
−ḡ(v, v)

g(v2, v2) =< φ, Iψ >2− + < φ, Jψ >2− + < φ,Kψ
>

2− + < φ,ψ >

2+

−ḡ(iv,i v)− ḡ(jv,j v)− ḡ(kv,k v).
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Cl1,4 via Cl4,3: E1 = e4, E2 = e5, E3 = e6, E4 = e7, E5 =
e4e5e6e7, I =e1e2, J = e3e1, K = e2e3. Hence e1 = KE5, e2 = JE5, e3
= IE5, e4 =E1, e5 = E2, e6 = E3, e7 = E4.

For Cl1,3 we take E1, E2, E3, E4 and E5 becomes γ. Then (φ, ψ) =
φte5e6e7ψ =

φtE2E3E4ψ =< φ,ψ >−. We have

g(v, v) =4∑

i=1

(φ, eiψ)2 −

7∑i=5

(φ, eiψ)

=< φ,Kγψ >2− + < φ, Jγψ >2− + < φ, Iγψ >

2− + < φ,E1ψ >− −

4∑i=2

< φ,Eiψ >−

=< φ, Iψ >2+ + < φ, Jψ >2+ + < φ,Kψ >

2+ +ḡ(v−, v−)

and

g(v2, v2) =∑

1≤i2− + < φ,Kψ >

2− + < φ, γIE1ψ >

2− + < φ, γJE1ψ >

2−

+ < φ, γKE1ψ >2− +

∑2≤i2− −

4∑i=2

(< φ, γIEiψ >2− + < φ, γJEiψ >

2−

+ < φ, γKEiψ >2− + < φ,E1Eiψ >

2−)

=< φ, Iψ >2− + < φ, Jψ >2− + < φ,Kψ >

2− +ḡ(

iv+,i v+) + ḡ(

jv+,j v+) + ḡ(

kv+,k v+) + ḡ(v

2−, v

2−)

and

g(v3, v3) =< φ,ψ >2+ +ḡ(iv−,

i v−) + ḡ(jv−,

j v−) + ḡ(kv−,

k v−)

+ḡ(iv2+,i v2+) + ḡ(

jv2+,j v2+) + ḡ(

kv2+,k v2+)− ḡ(v+, v+)

4 Conclusion

In the area of bilinear forms on spinors, there is still much
work to be done.This includes identifying a pattern with the
identities, studying the rela-tionships between algebras of
different type, and considering more generalexpressions, like g(v,
w) where v(u) = (φ, uψ)± and w(u) = (α, uβ)±.
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